MATH348. Harmonic Analysis. Problems 9
Work is due in on Wednesday 1st December.
1. Compute L(f)(z) for f :(0,00) — C and a suitable set of z where a) f(z) =2+ 1b)
f(z) = 2%e". ¢) f(x) = X[2,00) (), that is, f(z) =1 for £ > 2 and = 0 for z < 2.

2. Find f € L'(0,00) with £y(f)(2) = L;(z) for all z with Re(z) > 0, where
a) Li(z) =
b) LQ(Z) = m

Hint: Is Lo the derivative of any other function?

z+2’

3. Explain, using properties of the Laplace transform, why there is no function f €
LY(0,00) with L(f)(2) = L;(2) where

1
a) Ls(z) = 2 _1
b) L4(z) = €*
c¢) Explain also why there is no f5 € L%(0,00) with £(f5)(z) =

o for Re(z) > 0.

4. Let f € L'(0,00). a) Show that if Re(z) > n, then

L(F)(2)] < / " e £ () da.

Why does the Monotone Convergence Theorem imply that
o0

lim e " |f(z)|dz = 07

n—00 0

b) Using a), and the fact that

oo

li Rix ,—ax dr =
pHm i eMTem M f(x)dx = 0,

uniformly for a € [0, A] for any A > 0, show that

L(f)(z) = 0.

lim
|z]—=00,Re(2)>0

c) Show that e™* cannot be L£(f)(z) for any f € L'(0,00).
Hint: Consider e 1% for varying real y, and use b).
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la). Let Re(z) > 0.

4+ lim dz

0 N—>oo 0 z

N—o0

el o] Ve
z

L(f)(z) = /Ooo(x +1)e *dx = lim [

zlim[

N—oo

N
—(Jj + 1)6—1;2 _ ie—mz 1 i
z 22 0 z 22

1b) Let Re(z) > 1.

N > 2
=lim — oo [ ew(l_z)} - / e
— 0 0 Z—
2 N [es)
=2 lim— oo 22 e*(1=2) +/ e* (=2 dg
z— (1—2)2 o o (1—=z
. |: ew(l—z) :|N
= lim
N—>oo (1 — 2)3 0
_ 2
C(z-1)

1c) Let Re(z) > 0.

N—>oo

2a) Take f(z) = e~2%. We have

L(F)(z) = /0 T e gy [e_zm_m]oo - Lo

—2—z 0 z+2

2b) If L = L(f)(z) for f € L'(0,00) then the derivative L'(2) = £(g)(z) where g(z) =
—xzf(z). Now La(2) = —L{(2). So La(z) = L(g)(2) where g(z) = ze™22.

3a) L3 has a singularity at z = 1 and is therefore not holomorphic in {z : Re(z) > 0}, as
it would have to be the case for L3 = L(f) for some f € L'(0, c0).

3b) |e*| = eR®(2) — oo as Re(z) — 0o. So L4 is not bounded in {z : Re(z) > 0}, as it
would have to be the case for Ly = L(f) for some f € L*(0,00).
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1
3c) If there is f5 € L%(0, 00) with L(f5)(z) = e then

o0 1 o0
s , dy = *dx < +oo.
| Rt ) e < e

o0 1 o0 1
dy = d
/_Oo (z+iy)2+ a2 /_oo (z + iy + 20)(z + iy — 20) ]2 7

_/00 1 > 1 /3 1 p
e @ W2+ -2 "2 +25 ), 2+ (y-22"

1 e 1
> 50 S ———ady (f0 <z <1
_a:2+25/2_w a:2+(y—2)2y(l <z<l)

1 e g 1
> _ dy = — o0 as x — 0.
T /2_m 922V T @2y 25)e2 o

So there is no such f5 € L2(0, ).
Alternatively, z%+4 = {(2) for Re(z) > 0 where f(t) = $sin2t, as can be checked by
direct calculation, as follows. We have

1 ) )
in2t = — 2it  —2it ’
sin 5 (e e )
0]
° 1 [~ . ,
/ sin 2te~?tdt = _/ (e(2z—z)t B e—(2z-|—z)t)dt
0 2i Jo
_ 1 1 1 _ 2
T 2i\z—-2 z2+2) 2Z2+4
Now

(n+1)m m
sin? 2tdt = / sin? 2tdt > 0
0

nm

for any integer n > 0. So

o0 o0
/ sin? 2tdt = Z
0

n=0

(n+1)m
/ sin? 2tdt = +oo >

nm

So f ¢ L%(0,00). So since a function is uniquely determined by its Laplace transform,
there is no f5 € L2(0,00) with £(f5)(z) = L(f)(2) for all Re(z) > 0.

4a) If Re(z) > n,

oo

L@ < [ e f@ds

— 00
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= [T @lan < [ e p@)as,

— 00

Put fn(z) = e ™*|f(x)|. Then fr41(z) < fn(z) for all z > 0 and all n, f, is integrable,
and
limy, 00 fn(z) =0 for all z > 0. So by the Monotone Convergence Theorem

o

o
lim e " f(z)|dz = / 0dz = 0.
0

n—o0 0

4b) Given € > 0 choose N so that, for all n > N,
o0
/ e | f(x)|dx <€, (1)
0
and choose Ry > N such that for all real R with |R| > Ry, and all a € [0, V]

<e. (2)

/ €_a$+iRmf(l')déL'
0

Now take any z with Re(z) > 0 and |z| > 2Ry. Then Re(z) + |Im(z)| > |z| > 2Ry. So
either Re(z) > N, in which case

c [T R e < [ N )
LOEI < [ e @l < [T e @)l <
by (1), or Re(z) € [0, N] and |Im(z)| > Ry and putting Re(z) = a and Im(z) = —R in (2),

we again obtain |£(f)| < e. So we do indeed have

I —o.
ol )5 £ (@) =0

4c) Put z = 14 4y. Then [e=(1+%)| = ¢=1. So e does not tend to 0 as |z| — oo for
Re(z) > 0. So by b) e™# cannot be L(f)(z) for any f € L(0,0).



