MATH348. Harmonic Analysis. Problems 8
Work is due in on Wednesday 24th November.

1.
Verify that the function
et—(z%/4t)
u(z,t) = i
satisfies
ou 0%u
N =u-+ FIeh

2. Let u(z,t) be continuous and bounded on {(z,t):z € R, t > 0}. For all ¢ > 0
let u(x,t), ug(x,t), uge(x,t) be defined and integrable in = over R, and let

wlgglo u(z,t) =0, wlggo ug(z,t) = 0.

Let (&, t) be the Fourier transform of u(x,t) with respect to x, and let 4,(¢,t) and
Uz (€, t) be similarly defined. Using integration by parts, show that

(1 (57 t) = Z&ﬂ(f, t)7 Ugy (fa t) = _52@(57 t)'

3. Now let u(z,t) be as in question 2. In addition, for all z, and ¢ > 0, let u; be
continuous and locally uniformly integrable in x, that is for all a > 0, let

(o.]
sup / lug(z, t)|dr < 400
O<t<a —00

and
lim lug(z,t)|de =0

uniformly for ¢ € (0,a]. Let

a) Using question 2, show that

%(5, t) = =&, t) + a(é, ).

You may assumethat (04/0t)(€,t) is the Fourier transform of (Qu/0t)(z,t) with
respect to z. (You will be asked for a step towards this in part b). THe conditions
above are needded for the full result.)) Now solve this differential equation and show
that

a(€, 1) = a(€, 0)e1 -,

Look in your notes to find a function that e=¢t is the Fourier transform of (treating
t as a constant). Hence show that

= et—(e=9)* /4t gy
u(, t) = / u(y,0) .




b) Show that if A #0, t>0, t+h >0,

ﬂ(E, t+ h) B /0’(57 t)
h

— - / / e~ (g, + ) — s, 1)) dody.
0 —00

- at(ﬁa t)

You should indicate where Tonelli’s Theorem is applied. It will help if you can
show that

1 ; *
5 (iooo|e_zgw(ut($7t+y) —’U,t(.’ll‘,t))|d.’17dy§ 2sup/ ‘ut(xvtl)dx‘
B[ Jio,n] >0 J —oo



