MATH348. Harmonic Analysis. Problems 8
Work is due in on Wednesday 24th November.

1.
Verify that the function
et—(z%/4t)
u(z,t) = i
satisfies
ou 0%u
N =u-+ FIeh

2. Let u(z,t) be continuous and bounded on {(z,t):z € R, t > 0}. For all ¢ > 0
let u(x,t), ug(x,t), uge(x,t) be defined and integrable in = over R, and let

wlgglo u(z,t) =0, wlggo ug(z,t) = 0.

Let (&, t) be the Fourier transform of u(x,t) with respect to x, and let 4,(¢,t) and
Uz (€, t) be similarly defined. Using integration by parts, show that

(1 (57 t) = Z&ﬂ(f, t)7 Ugy (fa t) = _52@(57 t)'

3. Now let u(z,t) be as in question 2. In addition, for all z, and ¢ > 0, let u; be
continuous and locally uniformly integrable in x, that is for all a > 0, let

(o.]
sup / lug(z, t)|dr < 400
O<t<a —00

and
lim lug(z,t)|de =0

uniformly for ¢ € (0,a]. Let

a) Using question 2, show that

%(5, t) = =&, t) + a(é, ).

You may assumethat (04/0t)(€,t) is the Fourier transform of (Qu/0t)(z,t) with
respect to z. (You will be asked for a step towards this in part b). THe conditions
above are needded for the full result.)) Now solve this differential equation and show
that

a(€, 1) = a(€, 0)e1 -,

Look in your notes to find a function that e=¢t is the Fourier transform of (treating
t as a constant). Hence show that

= et—(e=9)* /4t gy
u(, t) = / u(y,0) .




b) Show that if A #0, t>0, t+h >0,

ﬂ(E, t+ h) B /0’(57 t)
h

—i [ ] et ) — wio)dudy.
0 —o0

- at(ﬁa t)

You should indicate where Tonelli’s Theorem is applied. It will help if you can
show that

1 o0 ) .
m/[ ]/ &7 (uy(z,t + y) — ue(z, 1)) |dody < 2 Sup/ gz, ¢') da
0,8] J—co

t'>0J —c0
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ou et—(z%/4t)  2,t—(2"/41)
la). 5 = U o + TR
Ou  —pet—(@"/4t)
dr a2z 7
92u _et—(@?/4t) g2t (2% /4¢)
oz2  213/2 + 415/2
So
ou n 0%u
— =u+ —-.
ot 0x?
2. Using integration by parts,
A A A .
~ — T —ixz€ — 1 —ixt : s —i€x
Ug (€, 1) Ah—r)rclm /_A Ou/0x(z,t)e " dx Ah_l;réo [u(z,t)e ]_A-l—Ah_l;réo . u(z,t)ie” dx

(u(A, 1)e A8 —u(=A,1)e*2) +i¢a(¢, 1) = ita(¢, 1).

lim

A—o00
Exactly the same calculation with u, replacing u gives (&, 1) = i€i,(€,t), and
hence

aww(gﬂ t) = (Z£)2ﬂ(£7 t) = _£2a(£at)'

3a).Take the Fourier transform with respect to = of the equation (2) of Problems
8. The righthand side becomes —&2a(&,t) + @(€,t). So the whole equation becomes

ou
—(&,1) = (1 = EH)a(g, ).
L€t = (1- (e, )
The solution to an equation
dy 2
7 —(1—
o = =&y,

where ¢ is treated as a constant, is
y(t) = Ael =€t

for a constant A. Putting in t = 0 we see that A = y(0) Putting y(t) = a(,t), we
have

a(¢,t) = (g, 0)et ¢,

Now et=¢t = ¢te=€’t and e /2 is the Fourier transform of (1/v/2m)e== /2,
so by question 1 of Problems 6 (for example) e=€’t is the Fourier transform of
(1/2+/mt)e=€"/4 | (Alternatively, this particular Fourier transform occurred in work-

ing out the solution of the Heat Equation in lectures.) Also, (f * g)= f g, and any
integrable function is uniquely determined by its Fourier transform. So

= et—(a=9)* /4t gy
u( 1) = / u(y,0) =,




3b) By definition,

ﬂ(&,t—l—h)—ﬂ(g,t)_ © _epu(z,t+h) —u(z,t)
Y —/ e i Y dx

which, by the Fundamental Theorem of Calculus, is equal to

[e'e) h
/ /e_igwwdydx_
oo Jo h

o) h
. t
y(€,1) = / / e"é’”iut(z’ dyda
—oo J 0

—0oQ

Also,

So

. —q oo h ]
He hl)z D e, = /_oo % /0 e (ug(, L +y) — up(w, 1)) dwdy. (1)

We want to be able to change the order of integration in (1). We have
le ™% (uy (2, t + ) — ug(z,1))| < |ug(z, t + )| + |ue(z, )]

So
1 > .
_/ / &% (uy (2, t + y) — ue(z, 1)) |dady
B[ Jo,) J =0

1 o0
< —/ / (@, + )| + g, )| dly
B[ Jo,n)J =00

h| = :
< 2 sup lug(x,t')|de < 4o00.
Al ¢>0

—0Q0

So Tonelli’s theorem applies, and we can change the order of integration in (1) to

obtain (£ 1 B) — (et
U(&, + i)l_U(g’ ) _at(g’t) —
h oo
= [ S et ) - wle ) dady.



