MATH348. Harmonic Analysis. Problems 4.

Office hours are 11-1 Monday and 3-5 Tuseday. I am also in my office from 9 on
Wed
Work due on Wednesday 27th October.
1. Work out the Fourier coefficients f(n), §(n), h(n) of the following functions on
[—m, ].

l1ifo<z <,

@) f(x):()if —nm <z <0,
b) g(z) ==,
¢) h(z) = |z|m — n2.

2. Regard the functions f and g of question 1 as 2w -periodic functions on R. Show
that f*g = h. You may find it helpful to note that if 0 < 2 < 7w then

f*g(af)=/_ ydy

and if —m <z <0 then

f*g(a?)=/m ycler/g:r ydy.

-7 +m
Verify that h(n) = f(n)g(n).
3. Consider the Laplace equation in {(z,y) € R?: 2 +y? > 1} in polar coordinates:

ou tou 10%
or:  ror r2002

assume that wu(r, ) is continuous for 1 <r < co and 6 € R, and write

2w
a(r,n) = / e~ M0u(r, 0)do.
0

a) Show that if u is bounded then
[a(r,n)| < 2msup{|u(r,0)|: r > 1, 0 € R}.

=0,

b) Assuming that @(r,n) = A,r~I" + B.ri*lif n # 0 and @(r,0) = Ap + Bylogr,
show that B,, =0 for all n.
c¢) Show that

had ind ind 1—r2
—n/ _in —in _
nz::lr (e +e )+1_—|1—7‘_1ei92'

d) Deduce that

1 (™ 1-r2
u(r, ) = %/O e——



MATH348. Harmonic Analysis. Solutions 4.

la) If n=0,
7(0) = / ldz = .
0
Ifn#0,
R T ] —inz ™ 1= (=1)"
o= [[ o= [ 1=
0 —in |, m
1b) If n =0,
T $2 ™
9(0) :/ zdr = [?] = 0.
If n#0,
T . —inz ™ 1 ™ .
g(n) :/ e "Pdr = {xe - } + — e "z
o —in S L -
—1)n+1g 1 oo 2m(=1)ntl
n n m
c)lf n=0
h(0) :/ (lz|m — %WQ)CZJZ :/ 2nxdr — %71'2/ dz
- 0 —7
=md—n=0
If n#0,

h(n) = / (|z|m — 272)e """ dx

s 0 2 T ]
= (/ :mre_mmda:—i-/ (—x)ﬂe_“”d:v) - %/ e ""dx
0 —x o

T ) ) 7'('2 e—inw T
= 7r/ x(e™"" + ") dr — — [ ]
0 -7

2 —in

ﬂ.xe—inw ﬂ.xeinw Q ™ ,n.e—inw ﬂ.einw
= — + — + — = — dz+0
—in m 0 0 m m

7.‘.2(_1)n 7.‘.2(_1)n ﬂ.e—inaz Q ,n.eina: 77
o o [ [
0 0

n2

2a). Identify f with its 2m-periodic extension, so that f(z) =1 & 2n1 < z <
(2n+ 1) (n € Z). So for fixed z, f(x —y) =1 & 2nr <z—y < 2n+ )7
(neZ)e z—2n+1l)rn <y<z—2nt (n €Z). Sofor 0 <z <7 and
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—r<y<m, flx—y)=1 z—n<y<z. For - <zx<0and -7 <y<m,
fe—y)=1< —n<y<zorz+r<y<m. So

X
/ ydy = [37)"_ =1@?—(@-m)) =mr—ir? fo<z<m
frg)="" m
_ 1 21% 1 217 .
/_wydy+/w+wydy— [39°]_ + [2v°],p, I —m <z <0
Now
X T
307, + [30°] 04, = 3@ — 7+ 7° = (@4 7)?) = —wm — §n%,

So for © <x <7 we have
2

[ *g(@) = [alm — 5 = h(a)

as required.

2b) If n =0 Then h(0) = 0 = §(0). So h(0) = 27 £(0)(0). If n # 0,

n n+1 n 242 n
Pyt = LW D3m0 () (o)
as required.
3a)
n 1 o —inf 1 o —inb
[a(r,n)| = %/0 e " u(r,0)do | < %/0 le™* " u(r, 6)|do
1 2"

2
=g |, T 0)ldd < ~sup{[u(r,0)|:7 > 1, 6 € R}.

b) If n =0 and u(r,0) = Ag + Bylogr then the only way @(r,0) can be bounded for
r>11isif By =0. Similarly if n # 0 and @(r,n) = 4,7~ " + B,rI"l then the only
way U(r,n) can be bounded for r > 1 is if B, =0.

c) If » > 1, by the formula for the sum of a geometric series,

r—n(eine + e—ine) +1= Z(T—leie)n + Z(T—le—w)n ~1
n=1 n=0 n=0
1 1
= + —1=2nP(r,0).

1 —rle® 1 —p—le—ib
(Take this to be a definition of P(r,0).) Since 1 —r~le™¥® = 1 —r—1ei putting
everything over a common denominator,
1—r"te™® 41771 — (1 —r~1e?)(1 — r—1ei)
11— r—1eif|2
92— T.—le—'ie _ ,,,.—leiﬁ -1+ T.—lez'e + ,,,.—le—ie _ T.—2ei9—i9
11— 7 Lei|2

2nP(r,0) =

_ 1—7r2
T |1 _ T—16i9|2
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d) We have i(r,n) = A,r~ ", Putting n = 1 then gives A, = @(1,n). Also, from

1 .
P(r,0) = P.(9) = oy Z pInlgind
n=—o0c

~ ) R . ‘
P,.(m)= —/ Z r=Inlgindg=imd gg

T pn=—oc0

- m , ‘
- E : / T—|n|ezn66—zm0d0 — ,r—|m|.
2T e

~

So we see that @(r,n) = P(r,n)u(1,n). So since Fourier functions determine a continu-
ous - or even integrable - function uniquely, u,.(0) = P,.xu1(#), where u,.(0) = u(r,0),
P.(0) = P(r,0), that is,

1 [ 1—yr2
0)=— : 1,t)dt.
ur0) = 3= | o




