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lim u, = a, lim v, = b
A=+ m =@
and hence ' o . . b

Hm Gt o) = a2 b tim i, = b, fim e _'a 5.2)
= o Tt ~+ 0o n=+ o ”n b .
It follows that 4 % B, dBand 4/B are again classes of coterminal sequences,
Moreover (5.2) implies that

at b d ¢ B, ab'z-r_‘fiB., %H%a

’ : ! -
i.e., the one-tc-one correspondence (5.1) is an isamorphisma between: the
field of complex numbers and the field of coterminal ‘sequences, In 'this

sense, we are justified in identifying aand 4; b and B, ete., and then every’

convergent sequence {i,} belongs to the class 4 = a if and only if the unique
limit point of the set of points Tepresenting the complex numbers U, Uy, ...,
Yy, - .. coincides with g, ) )

We now adjoin a single improper complex riimber to the set of all proper
complex mumbers (ie., the set of aJf classes of coterminal sequences), This
fmproper complex number, which we denote by co, is the class of all sequences

{,} with the property that given any g > 0, there exists an integer 71, > 0

(depending on p and {1.}) such that |#z] > p whenever n > m. If a sequence
{u.} belongs to the class 0, We say that {u,} converges to infinity, and we write
Uy = 00 A5 7 -5 ¢0 or

Im u, = oo,

n-s o

The union of the set of all Proper complex numbers and the improper complex

number oo is called the extended complex number system. Algebraiq opera-

* Whenever we write Hafun oF afb, it is assumed that v, 3¢ O or & 3 0,
® See e.g., G. Birkhof and 3. MacLane, gp. oft., p. 42,
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1L:Ifaisa proper complex number, then g + op = 0 +a= o, byt
0 + ois meaningless, ‘ag shown by the tWo sequences '
. 13355779, .. (5.3)
“arid
=L =23, -4, 5 _g -7, -8, ... (5.4)
, belongmg to ﬂie class 0. In fact, adding (5.3) and (3.4) term by term,
We obtainl the sequence : .
. [ I E
0, 1,0,1,0 1,0, I...,

‘“wp,ich oﬁii_ibﬁ$ly- does not belong to any class of Coterminal sequences
(since it has Do Iimit). ‘

2. Similax;ly, @0 =0—g= ¢ if aisa complex number, hnt
© — 1:3i meaningless,

-3 Ha#0isa Proper complex number, then g. og — ®0-g = o and

noreover oo. oo = e, but 0+ o is meaningless.
A If a is any pi'oper‘c'omplex number, then afco = 0 apd Wfa = cg,
but co/w is meaningless, :

_ Remark. This aj:prcgai:h also allows us to divide by zero. In fact, af0 = co
l.f a_r.é 0 is a proper complex number, but 0/0 is meaninglegs,

21, Stereographic Projection, Sets of Points
on the Riemapp Sphere -
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To be as descriptive as possible, we use geographic terminology. Thus,
the circle in which the sphere X intersects the plane is called the equator, the
points N and S are called the north pole and south Dpole, respectively, the
great-circles going through N and S are called meridians, and in particular,
the meridian lying in the plane NOx is called the prime (or initial) meridian,

. Then it is easy to see that the points of the plane II lying inside the unit

circle |z} = 1 (which coincides with the equator) are mapped inte points of

the southern hemisphere (containing 5), while the points. of II lying gutsidg
the unit circle are mapped into points of the northern hemisphere (containing
N). Similarly, the upper half-plane y > 0 is mapped into the eastern hemi-
sphere (which is intersected by the positive y-axis), while the lower half:
plane y < 0 is mapped into the western hemisphere, and so on.

I

Fisune 3.1

\
[

We now introduce spherical {or geographic} coordinatéS- ;611‘-)3, i.e., thei

latitude @, measured from. the equator and ranging from: 0,to w/2 in-the;’

northern hemisphere and from 0 to —n/2 in the southern-heinisphere; and;
the longitude A, measured from the prime. meridiait (more exactly, from tlie

point of intersection of the prime meridian with the ‘positive “xtaxis) and,

ranging from 0 to = (including =) in the eastern hemisﬁhé;g,éiqg’i‘frpm;'()’. to.
~m (excluding — ) in the western hemisphere, Asshown by Figuge 5.1, under
stercographic projection we have

- = tan {= + 2.
argz =%, |7 —tan(4+2)

Therefore, the point of the sphere with coordinates A and p.is the imége of o

the complex number
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z = tan (g + %)(cos X+ isin &), (5.5)

Conversely, the image on the Riemann sphere of the complex number z # 0
has spherical coordinates

T
A = arg z, ¢ = 2arctan [z} — 5

Next we derive the formulas relating the rectangular coordinates (E., n, 8)
of the point P* on the Riemann sphere and the rectangular coordmate_:s
(x, ;}, 0) of the point P e IT which corresponds to P* under stereographic
projection. Since

E=cosqpcosh, m=cosgsinh, [ =sini )

and
L
s . 2 tan (z + 2) B 2[2[
cos ¢ = sin (— tp) == = a’
2 '1+ta112§+,$) L+l
4 2 .
2{T 4 P
. 1”*a“(4+2)_lzlﬂ-1
sinq;m—cos(§+q))=—

CeaoafT L 0} 1+ [z
) 1+tan(4+2)

it follows that

:[z! cosA 2x
E=cosgeosA= TR~ w1
: o UL lghsind 2y
bt vin T]'= COs @ sSIn A= 1 +'!le = 2 + yg e 1’ (5'6)
7 = x4+t -1
SN U |
Moreover . ' - ‘
‘ R . .1 4 tanE
=tan [ + ﬂz)(ccxsk +isind) = (cos A + isin )
‘ M2 1 ~—tanz
- 9 .. @ = .
Cos = - sin = ) ] E 4 in
2 2 . s _ ‘cosg { sip X) e
- ——-———-q) ~ l_(cos o+ isin i) ={"sne SintF(cos )Lr’i' zs1r‘1 y) —7
COSE__‘;SIHE .o )
and‘hence
. -2 =. 1. (5.7
TEToT YTi=¢
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Using these formulas, we can prove the circle-preserving property of

stereographic projection, Le., we can show that stereographic Projection

maps circles on the Riemann sphere into circles or straight lines in the plane

IT (the latter correspond to eircles on & which go through the north pole ),

To verify this, we first note that any circle on = is the intérsection of % with
some plange ' - .

AL +By+ CL+ D=y, (5.8

It follows from (5.8) and (5.6) that the corrgsponding p'o“i,nts_‘of' the pIs.-ne

satisfy the equation .
A% -+ By 4 (C + Dy(3 +3) (D - ¢y =g,

Which is the equation of » circleif C + p #.0, and the equation of straight
lineif C4+ p =g, ButC+p=0 is the result.obtained when we substitute
the coordinates (0, 0, 1) of the north pole into. (5.8). Thus we obtain a circle

or a straight line in the plane I, depending on ‘Whether or not the circle on

the sphere goes through the north pole' N -

In particular, it should'ie noted that if-the plarie (5.8) is parallel to the |

€quatorial plane { = @, ie., if'the circle on the sphere is a parallel of latitude,
then 4 = 3 = 0, and in the plane I7 we'obtain'a circle

C+ D) 439 <'c— p

with its center at the origin of coordinates. On the other hand, if the plane- -

(5.8) goes through the axis NS, ie., if the circle on the sphere is one of the
meridians, then ¢ = p — 0, and in the plane IT'we obtain a straight line

Ax + By =0 ‘

going through the origin of coordinates, Of course, all these results are;’
- apparent almost at opee from the geometric meaning of, stereographic
projection, :

Next we discuss sets of Points on the Riemann sphere, Every circle v on
the sphere © which does not go through a given point P* €% divides X into
- two parts, such that one part contains P* and the other does not. The. part
of Z containing p* (and not including v) will be called a neighborhood of p+
(cf. footnote 1, P. 27). Once the concept of the neighborhood of a point
has been introduced, we can Immediately exteiid the concepts of a Iimit
point, a closed set, an open set, a continuous curve, 2 domain, etc., to sets of
points on the surface X,

Example 1. A point p+ &2 is a limit point of 3 given set £ < Zif and
only if any neighborhood of P* containg infinitely many (distinet) points
of E. .

Example 2. Bvery triple of real functions

E=o®), 7=y, ¢= x()

e e e et

. e
. TR
v W

SEC. 22 INFINITY AND STEREQOGRAPHIC FROJECTION a3

of the real parameter %, defined and continyous on a closed interval g Sigh
and satisfying the condition. -
OF + ROP + ke = 1,
defines a continuous enrve on .
Example 3, Let {a,} be a sequence of complex numbers converging to a
(proper) complex number g, Leta, (n=1,2,.. -) be represented by the

point P, in the plane IT and by the point P¥* on the sphere Z, and let o be
represented by the point Pe T and by the point P*cX. Then P* is the

 wnique limit point of the sequence of points {P¥}, just as p is the wnique

limit point of the Sequence of points {P,).

Now consider a sequence {a,} belonging to the improper class oo {see p,
78). Then, given any p > 0, there exists an integer # > 0 such that the points
Py representing the numbers ¢ in the complex Plane lie outside the circle
|zl = pifn > ng The corresponding points P* of the Riemann sphere lie in
the neighborhoogi of the north pole & bounded by the parallel of latitude

- Whose projection onto the plane is the circle lz} = p. Therefore, the north

pole is the unique Iimit point of every sequence belonging to the improper

~ class. Conversely, €very sequence of points on the sphere for which the

north pole is the utique limit point is g Sequence belonging to the improper
class. This follows at once from the formula

™, P
|z] = tan (Z+5)

derived above, according to which the relations
‘ im |z,] = 4o
R wm
and

. )
lim Py = -2'

-+

are equivalent.* In keeping with this fact, we shall henceforth regard the

rorth pole N of the Riemann Sphere as the geometric image of the improper

complex number co,

22. The Extended Complex Plane. .The Point at Infinity

Let = denote the Ri¢mann sphere, let & — (N} denote T with the single
point N (1 enorth pole) deleted, and Jet 11 be the ordinary or finite (complex)
plane. Th n, as we have just seen, stereographic projection js g one-{o-one

# Note the distinction between the real number + 0 and the complex number <o,
However, we usually write co instead of -t o0 whenever -+ o is 1 vahye of a real quantity
which is inherently nonmnegative, or when the context precludes any nossibility af ranfieia
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