All questions are similar to homework problems.
MATH191 Solutions September 2007
Section A
1. The maximal domain is (2,00) and the range is R (1 mark each).

The graph is shown below (1 mark). It crosses the z-axis at z = 3 (1 mark).

y

[1+1+1+4+1=4 marks]

2. We have f(0) = 1, f'(z) = —3(4 + 2)73/2, 50 f'(0) = —1/16, and f"(z) =
3(4+2)7°/2, s0 f"(0) = 3/128. (1 mark each for f(0), f'(0), and f(0)).
Hence the first three terms in the Maclaurin series expansion of f(z) are

Fle) = § — /16432256 + -+

(1 mark for correct coefficients carried forward from f(0), f'(0), and f"(0). 1
mark for not saying f(z) = 2 + x/4 — 22 /64).
[34+ 14 1 =15 marks]

3.
a) r =+/2 (1 mark). # = 37/4 (2 marks).
b) z =2cos(r) = —2. y = 2sin(7) = 0. (1 mark each)

Subtract one mark for each answer not given exactly.
[3 4+ 2 = 5 marks]



2 2z
/ e 4 Vde = {% + 2$1/2:| (3 marks)
L 1
et e?
= 5-3 +2(vV2-1). (2 marks)

3 + 2 = 5 marks]

5. Differentiating the equation with respect to x gives

‘ ,d d
32?4 2zy + 2% +y2 + 2ary—y =0 (2 marks).
dz dz
Hence J ) )
Yy  —3x° —2zxy —y
e 2 ks).
dx 2 + 2xy (2 marks)
Thus % is equal to =242=1 = 2 when (z,y) = (1,—1). (2 marks)

The equation of the tangent at this point is therefore
y+1=2z—-2,

or
y =2z —3. (2 marks)

[2+4 2+ 2 + 2 = 8 marks]
6.

a) By the product rule and chain rule,

d
%(332 cos 2x) = 2x cos(2x) — 227 sin(2x). (2 marks).

b) By the chain rule,

d .
%(:v2 +2+1)? =92z +1)(2* + z + 21)® (3 marks).

c) By the quotient rule,

d e” _ef(x? — 1) — 2ze”
T <x2 — 1) = @ —1) . (2 marks).

[2+4 3+ 2 = 7 marks]

7. f'(x) = —e~® 4 1. Stationary points are given by solutions of f'(z) = 0. So
there is exactly one stationary point, namely x = 0. (3 marks)



To determine its nature, f'(z) = e *: so f”"(0) =1 > 0, and 0 is a local
minimum. (2 marks).
[3 + 2 = 5 marks]

8.
zZ1+22 = 5 (1 mark)
z1—22 = —1+42j (1 mark)
nz = 24+)B-7)=6+j—-j*=T+j (2 marks)
2+7)B+7)  5+5j 147
= 2 ks).
21/ 22 G-)B<H 10 5 (2 marks)
[14+ 142+ 2 =6 marks]
9. sin™!(F) = —7/6 (1 mark)
The general solution of sinf = 5! is
0 =—-m/6+2nmor § = —57/6 + 2nmw
for any n € Z (3 marks)
[1 4+ 3 = 4 marks]
10.
a+b = 4i—j (1 mark)
a—b = 2i+3j—2k (1 mark)
la] = V32+1+1=V11 (1 mark)
b = V12+224+12=v6 (1 mark)
a-b = 3-2-1=0 (1 mark).

Hence the angle between a and b is 7/2 (1 mark).
l+1+1+1+1+41=6 marks]



Section B

11. The Maclaurin series expansion of e* is

2 g3 gl
Hence
a)
43 22t
62$:1+2x+2x2+%+%'“ (1 mark)
b)
2 3 4
c)
2
e tet =240 +27 + - (2 marks)
d)
23
oot m2r2t b @ marks)
e)
e +1—-2" 2+420+27 4+ 42 4.2 22T ...
22 - x2
72
S T
So f(0.1) = 1.1 + 0.00583333.. = 1.106 to 3 decimal places. (3 marks)

2+1+1+2+2+4+3=15marks]



12.

a) The radius of the convergence R of the power series

o0
E anpx”
n=0

is given by
R = lim
n—00 | Ap41
provided this limit exists. In this case |a,/ant+1] = 2(n + 1)?/n?, which
converges to 2. So the radius of convergence is 2. (4 marks)

At R = 2 the series becomes

o0
>
n2’
n=1

which is a standard convergent series. At R = —2 the series becomes
o0
1
-1)"—=.
St
n=1

Since the terms of the series are in modulus the same as for R = 2, this series
is also convergent. (5 marks)

b) In this case a, = 1./2"\/n, s0 |an/an+1| = 24/(n + 1)/n, which tends to 2
as n — oco. Hence R = 2. (4 marks)

At R = 2 the series becomes -

PP
n=1 \/ﬁ
which diverges. (2 marks)

445+ 4+ 2 =15 marks]



13. f'(z) =32 +6x =0«< z =0or z = —2. Since f'(z) = 3z(z+2), f'(z) >0
ifz < —2orz>0,and f'(z) <0if z € (0,2). So f is increasing on each of
the intervals (—oo, —2) and (0, c0), and decreasing on (—2,0). So the graph of
f can cross the z-axis at most 3 times, and can have at most 3 zeros. We have

f(—?)):—]_, f(_2):_8+12_1:37 f(_]'):]-7

So f must change sign on each of the intervals (—3,—2), (=1, —1), (0,1), that
is, have zeros in each of these intervals. (6 marks)
The Newton-Raphson formula becomes

@ +3z, —1 223 +3z2 +1

Il = T TRt 6, 32 + 6@, (3 marks)
Hence 2z + 323 + 1 2 8
T = 322 + 62 = 15/4 == 0.5333333..
So z1 = 0.533333 to 6 decimal places. (1 mark)
3 2 % %

e 2:6335?61; "= 1021454;4(5192?421515)2 e 173267890 = 0-5320906..

So x5 = 0.532091 to 6 decimal places. (2 marks)
() = 0.000007102..

So f(z2) = 0.000007 to 6 decimal places. (3 marks)

6+3+1+2+3 =15 marks ]



14. For horizontal asymptotes:

lim f(z) = lim ! =0,

T——00 z——c0 1+ 2

lim f(z) = lim <—+1—w> =1—00=—00.
r—+00 r—>+00 €T
So y = 0 is a horizontal asymptote (although only at —o0). (2 marks)
For vertical asymptotes: the only possible asymptote is where z + 1 = 0,
that is, where x = —1. We have

li = 1l =—
piimy fl@)= Mm T T
So x = —1 is a vertical asymptote, although

. . 1
x—;l(lr—n1)+f($) = w_)l(lr_nl)_i_(l +z/2) = 5 (2 marks)

For points of continuity: the only possible discontinuities are at —1 and 0.
—1 is certainly a discontinuity, because it is a vertical asymptote. 0 is a point
of continuity, because

lim f(z) = lim f(z) = § (2 marks)

z—1— z—1+ 2

For z € (1,00) we can write

4 —g? 3
_ _ 11—
f(@) 1+x l1+=x + v
So we have
’ _
fi(z) = L if o€ (=1,1) (2 marks)

The function is not differentiable at —1 because it is not continuous there.
The only other point that needs checking is 1. There the function is not differ-
entiable because the left derivative is £ and from the formula for f'(z) above,
the right derivative is —1. (2 marks)

So

<0 ifxé€e(—o0,—1)
fllzy¢ >0 ifze(-1,1)
<0 ifze(l,00)

So there are no stationary points. The function f is decreasing on each of the
intervals (—oo, —1) and [1, 00) and increasing on [—1,1]. (2 marks)



For zeros: since 1J+z # 0 for any x, and 1+ %:U > 0 for z € [—1,1], the only

possible zero is on (1,00), when 4 — 22 = 0, that is, when z = 2. (1 mark)
The graph of f is as shown.

(1,1.5)
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[2 marks]
24+2+2+2+2+2+1+2=15 marks]



15 Write z = r(cos 8 + jsin6).
a) The polar form of —4j is 4(cos(—n/2) + jsin(—n/2)). De Moivre’s Theorem
gives

72 (cos 260 + j sin 20) = 4(cos(—m/2) + j sin(—7/2)).
So 72 =4, cos20 = cos(—7/2),sin20 = sin(—7/2). Sor =2 and 20 = —7w/2 +
2nm, any integer n. So # = —w/4 4+ nw, any integer n. So the possible values
for z are

z = 2(cos(—m/4) + jsin(—n/4)) = V2 — V2

and
2 = 2(cos(3m/4) + jsin(37/4)) = —V2 + V/2j.

[6 marks]
b) The polar form of j is cos(7/2) + jsin(n/2). De Moivre’s Theorem gives

73 (cos 30 + jsin 30) = cos(m/2) + jsin(r/2).
So 73 =1, cos 36 = cos(n/2),sin 30 = sin(r/2). Sor =1 and 30 = 7/2 + 2n,

any integer n. Distinct values of z are given by taking n = 0, 1, 2, that is,
6 = /6, 57/6, 3w /2. So the solutions to 2% = j are

z = cos(mw/6) + jsin(n/6) = %(\/§+j),
z = cos(5m/6) + jsin(57/6) = %(—\/§+j)
z = cos(37/2) + jsin(37/2) = —j.

[9 marks]
[6 + 9 = 15 marks]



