All questions are similar to homework problems.

MATH191 Solutions January 2008

Section A
1. To find the inverse function,
3
y= x+2 S ylr—-2)=2+3 Syr—2y=x+3
x —
2y +3
szxly—1)=2y+3 Sx= vt .
y—1
(1 mark)
So the inverse function is given by
2y+3 2 +3
—10\ — —10 —
)= 2 o ) = 2
(1 mark)
The graph is shown below (1 mark). It crosses the z-axis at x = —3 and the
y
BN i x
y-axis at y = —2. (1 mark).

[1+1+1+4+1=4 marks]

2. We have f(0) =1, f/(z) = 2(1—2x) 2 and f"(x) = 8(1—22)73, s0 f/(0) = 2,
and f”(0) = 8. (1 mark each for f(0), f'(0), and f”(0)).
Hence the first three terms in the Maclaurin series expansion of f(z) are

fl)=1+22+(8/2)z* + - =1+2z+42> +---

(1 mark for correct coefficients carried forward from f(0), f'(0), and f”(0). 1
mark for not saying f(z) = 1 + 2z + 42?%).
[3+1+1=5 marks]

3.
a) =42 (1 mark). 6 = %’T (2 marks).

b) & = 4v2cos(5m/4) = 4v/2(—1//2) = —4. y = 4y/2sin(57/4) = 4v/2(—1//2) =
—4. (1 mark each)



Subtract one mark for each answer not given exactly. It is OK to say that from
a)x=—4and y — —4
[3 + 2 = 5 marks]

4.
/0 (I+2) '+ (1+2)?)de = [In(l4+z)—(1+ x)_l]é (3 marks)
= (In(2) —In(1)) — % +1)
= In2+ % (2 marks)

[ 34+ 2 =5 marks]

5. Differentiating the equation with respect to = gives

d d
322 +y+ x% + 3y2£ =0 (2 marks).
Hence J 242
Y T Y
—=—— (2 ks).
I 137 (2 marks)

Thus Z—z is equal to —% when (z,y) = (1, —1). (2 marks).

The equation of the tangent at this point is therefore
1 1
y+1:f§(xfl) ory:fi(erl) (2 marks).

[24 2+ 2+ 2 = 8 marks]
6.

a) By the chain rule,

di(sin(x?’ —1)) = 322 cos(z® — 1). (2 marks).
x

b) By the quotient rule,

d ( sinx (22 + 1) cosx — 2wsinw
— = 2 ks).
dx (xQ + 1) (22 +1)2 (2 marks)
¢) By the chain rule,
d 3 322 +2



[24 2+ 2 = 6 marks]

f(x) = —2z(2® +1)72

Stationary points are given by solutions of f/(z) = 0, So there is exactly one
stationary point, namely x = 0. (3 marks)
To determine its nature,

() = —2(2z® +1)72 + 823 (2® +1)73.

So f"(0) = —2 < 0, and 0 is a local maximum. (3 marks)
[3 4+ 3 = 6 marks]
8.

z1+20 = 2—73 (1 mark)

z21—2z2 = 9j (1 mark)

2129 = (14+2§)(1-3j)=1—-5—-652=7—35 (2 marks)
(14+2j)(143j) 145j+65> -1+
/% (1—3/)(1+3)) 10 2 (2 marks)

[1 4142+ 2 =6 marks]
9. sin"'(—v/3/2) = —7/3 (1 mark)

The general solution of sinf = _T\/g is

0 =—m/3+2nmor § = —27/3 + 2nmw

for any n € Z. (3 marks)
[1 + 3 = 4 marks]
10.
a+b = 4i+4j+3k (1 mark)
a—b = 2i—-6j+k (1 mark)
la| = 324124922 =14 (1 mark)
b = VETETT-vE (1 mark)
a-b = 2-543=0 (1 mark).

Hence the angle between a and b is 7/2 (1 mark).
l1+1+1+1+1+1=6 marks]



Section B
11. The Maclaurin series expansion of (14 z)~! is
=l-ac+a? -2+ -+ (=1)"z" +------ (2 marks)
Hence the other Maclaurin series are:

a) for (1+ 2z)71,

1—2z+42% - 4 (=1)"2"z" - - (2 marks)
b) for 2+ )"t =2"1(1+2/2)7L,

1 1
T4 2?4+ (1) —a" (3 marks)

N[ =
| =
oo

c) for (1+ 22)71,

l—a? a2t + - (=) + - (3 marks)

d) The Maclaurin series of g(x) = (1 +2?)7!is

1" 0 n 0
9(0) + ¢'(0)z + QT();U2+...+ gn(' )un 4.
So comparing coefficients of 2™ we see that
g(n) (0) = if n is odd, (5 marks)

(=1)™n! if n is even.

2424343+ 5 =15 marks]



12.

a) The radius of convergence R of the power series

o0
g anpx”
n=0

is given by
R= lim |-

n—oo

)

a7z+1

provided this limit exists. In this case |an/ant1| = (n 4+ 1)/(n + 2), which
converges to 1. So the radius of convergence is 1. (4 marks)

At R =1 the series becomes

o0
> (n+1)
n=0
which is divergent as the terms are not tending to 0. At R = —1 the series
becomes
o0
Z (n+1).
which again diverges as the terms are not converging to 0 (2 marks)

b) In this case a, =47 "(n+1)7%, so0 |an/ani1]| = 4(n+2)/(n+1), which tends
to 4 as n — oco. Hence R = 4. (4 marks)

At R = 4 the series becomes

Z(n +1)7t= Zn_l
n=0 n=1
which diverges. At R = —4 the series becomes
S = 3
n=0 n=1

which converges as it is an alternating series and 1/n decreases to 0 asn — oo
(5 marks)

[4+2+4+5 =15 marks]



13. For f(z) =23+ 222 +2 -2, f(z) =322 +42+1=Bz+1)(z+1) =0 &
x=—-1orx=-1/3. Now 3z 4+ 1 and = + 1 have the same sign if © < —1 or
x > —1/3, and opposite signs if —1 < z < —1/3. So f is increasing on each of
the intervals (—oo0, —1) and (—1/3, 00), and decreasing on (—1,—1/3). We have

f(=1) = =2, f(=1/3) = =58/27, f(0)=-2, f(1)=2

So f <0 on (—00,0), f >0 on (1,00) and there is just one zero of f, which is
in (0,1). (6 marks)
The Newton-Raphson formula becomes

xf’L—ﬁ—Qw%—i—xn—Qi

(3 marks)

Fnd = e 322 +4x, + 1
Hence 5 3
xp=1- 3= 1 f(z1) = 0.296875 (1 mark)

xo = 0.69780220, f(x2) = 0.01437376 (2 mark)
3 = 0.69562448,  f(x3) = 0.00002 (3 marks)
[6+3+1+2+3 =15 marks ]



14. For horizontal asymptotes:

1
li = 1 =0
Lm flz) = lim >— =0,

lim f(z)= lim (z+(2—2)"") = +oc.
r——+00 r—+00
So y = 0 is a horizontal asymptote (although only at —o0). (2 marks)
For vertical asymptotes: the only possible asymptote is where x — 2 = 0,
that is, where x = 2. We have

. . 1 5 . 1
Jip s = g (e4g) =5 (orgtg) =

So x = 2 is a vertical asymptote. (1 mark)
For points of continuity: the only possible discontinuities are at 2 and 0.
2 is certainly a discontinuity, because it is a vertical asymptote. 0 is not a

discontinuity because f(0—) = 3 = f(0+) = f(0) . (2 marks)
We have
(2—2)72 if x € (—00,0),
fx)y=< 1 if z € (0,2),

1+(2-2)72 ifze(2,00),

[2 marks]

The function is not differentiable at 2 because it is not continuous there. The
only other point that needs checking is 0. There the function is not differentiable
because the left derivative is 1 and the right derivative is 1. (2 marks)

Now f’(z) > 0 on each of the intervals (—o0,0), (0,2) and (2,00) So there
are no stationary points. The function f is increasing on each of the intervals
(—00,0], [0,2) and (2, 0) (2 marks)

For zeros: since (2 — x)~! # 0 for any z, and = + 3 > 0 for = € (0,2).
So the only possible zero is on (2,00), when x + (2 — 2)~! = 0, that is, when
2r — 22+ 1=0and = > 2, that is when 2? — 22 — 1 = 0 and = > 2. The zeros
of 22 — 22 — 1 are 1 + /2. Since 1 + /2 > 2,and 1 — V2 < 2, the unique zero
of fis1++/2 (2 mark)

The graph of f is as shown, wth a = 1 + /2.
marks]
24+14+24+2+2+2+2+2 =15 marks]



15
a) We have 1 + j = v/2e/™/%. So

1

, , 1
(145)%7 = 21327 CT/H = 81921/2¢737/4) = 8192V/2 (—— + —j) = 8192(—1+7).

V2 V2

[4 marks]
b) Write z = r cos § + jrsin #.The polar form of —16 is 16(cos(m) + j sin(m)).
De Moivre’s Theorem gives

r*(cos 46 + jsin46) = 16(cos(r) + jsin(r)).

So 7% = 16, cos 46 = cos(r), sin4f = sin(7)). So r = 2 and 46 = 7 + 2nm, any
integer n. [7 marks]

Distinct values of z are given by taking n = 0, 1, 2, 3 that is, § = n/4, 37 /4,
57 /4, Tr /4. So the solutions to 2* = —16 are

z = 2cos(m/4) + 2j sin(n/4) = V2(1 + j),
z = 2cos(3m/4) + 2j sin(31/4) = V2(—1 + j)
z = 2cos(5m/4) + 2j sin(57/4) = V2(—1 — j)
2 = 2cos(Tm/4) + 27 sin(7pi/4) = V2(1 — §)

[4 marks]
[44 74 4 = 15 marks]



