
All questions are similar to homework problems.MATH191 Solutions January 2007Se
tion A1. The maximal domain is (�1;1) and the range is R (1 mark ea
h).The graph is shown below (1 mark). It 
rosses the x-axis at x = 0 (1 mark).
x

y
[1 + 1 + 1 + 1 = 4 marks℄2. We have f(0) = 2, f 0(x) = 12 (4 + x)�1=2, so f 0(0) = 1=4, and f 00(x) =�14(4 + x)�3=2, so f 00(0) = �1=32. (1 mark ea
h for f(0), f 0(0), and f 00(0)).Hen
e the �rst three terms in the Ma
laurin series expansion of f(x) aref(x) = 2 + x=4� x2=64 + � � � :(1 mark for 
orre
t 
oeÆ
ients 
arried forward from f(0), f 0(0), and f 00(0). 1mark for not saying f(x) = 2 + x=4� x2=64).[3 + 1 + 1 = 5 marks℄3.a) r = 5 (1 mark). � = � (2 marks).b) x = 2 
os(3�=4) = 2(�1=p2) = �p2. y = 2 sin(�=4) = 2=p2 = p2. (1mark ea
h)Subtra
t one mark for ea
h answer not given exa
tly.[3 + 2 = 5 marks℄ 1



4. Z 21 e�x + x1=2 dx = ��e�x + 23x3=2�21 (3 marks)= (e�1 � e�2) + 23(2p2� 1): (2 marks)[ 3 + 2 = 5 marks℄5. Di�erentiating the equation with respe
t to x gives2x� sin y dydx = 0 (2 marks).Hen
e dydx = 2xsin y (2 marks):Thus dydx is equal to 2p2=p3 = 2p2=3 when (x; y) = (1=p2; �=3). (2 marks).The equation of the tangent at this point is thereforey = 2p2=3x� 2=p3 + �=3 (2 marks):[2 + 2 + 2 + 2 = 8 marks℄6.a) By the produ
t rule and 
hain rule,ddx (x2 sin 2x) = 2x sin(2x) + 2x2 
os(2x): (2 marks):b) By the 
hain rule,ddx(x2 + x� 1)10 = 10(2x+ 1)(x2 + x� 1)9 (3 marks):
) By the quotient rule,ddx � exx2 + 1� = ex(x2 + 1)� 2xex(x2 + 1)2 : (2 marks):[2 + 3 + 2 = 7 marks℄7. f 0(x) = ex � 1. Stationary points are given by solutions of f 0(x) = 0, Sothere is exa
tly one stationary point, namely x = 0. (3 marks)To determine its nature, f 00(x) = ex: so f 00(0) = 1 > 0, and 0 is a lo
alminimum. (2 marks)[3 + 2 = 5 marks℄ 2



8. z1 + z2 = 5 (1 mark)z1 � z2 = 1+ 2j (1 mark)z1z2 = (3 + j)(2 � j) = 6� j � j2 = 7� j (2 marks)z1=z2 = (3 + j)(2 + j)(2 � j)(2 + j) = 5 + 5j5 = 1 + j (2 marks).[1 + 1 + 2 + 2 = 6 marks℄9. sin�1(�1=p2) = ��=4 (1 mark)The general solution of sin � = �1p2 is� = ��=4 + 2n� or � = �3�=4 + 2n�for any n 2Z. (3 marks)[1 + 3 = 4 marks℄10. a+ b = 3i� 4j+ 4k (1 mark)a� b = i+ 6j+ 2k (1 mark)jaj = p42 + 12 + 32 = p14 (1 mark)jbj = p12 + 52 + 12 = p27 (1 mark)a �b = 2� 5 + 3 = 0 (1 mark).Hen
e the angle between a and b is �=2 (1 mark).[1 + 1 + 1 + 1 + 1 + 1 = 6 marks℄
3



Se
tion B11. The Ma
laurin series expansion of ex isex = 1 + x+ x22! + x33! + x44! + � � � (2 marks)Hen
ea) ex � 1 = x+ x22! + x33! + x44! � � � (2 marks)b) xex = x+ x2 + x32! + x43! + � � � (2 marks)
) e�x = 1� x+ x22 � x33! + x43! + � � � (3 marks)d) ex2 = 1 + x2 + x42! + � � � (3 marks)e) ex � 1x � ex = x+ x22! + x33! + x44! + � � �x � �1 + x+ x22! + x33! + � � ��= 1 + x2 + x26 + x324 + � � � � �1 + x+ x22 + x36 + � � ��= �x2 � x23 � x38 � � � :So f(0:1) = �0:05� 0:003333::� 0:000125:: = �0:053458:: = �0:0535 to 4de
imal pla
es. (3 marks)[2 + 1 + 1 + 2 + 2 + 4 + 3 = 15 marks℄ 4



12.a) The radius of 
onvergen
e R of the power series1Xn=0 anxnis given by R = limn!1 ���� anan+1 ���� ;provided this limit exists. In this 
ase jan=an+1j = (n + 1)2=n2, whi
h
onverges to 1. So the radius of 
onvergen
e is 1. (4 marks)At R = 1 the series be
omes 12 1Xn=1 1n2 ;whi
h is a standard 
onvergent series. At R = �1 the series be
omes12 1Xn=1(�1)n 1n2 :Sin
e the terms of the series are in modulus the same as for R = 1, this seriesis also 
onvergent. (5 marks)b) In this 
ase an = 1=2pn, so jan=an+1j = p(n+ 1)=n, whi
h tends to 1 asn!1. Hen
e R = 1. (4 marks)At R = 1 the series be
omes 1Xn=1 12pn;whi
h diverges. (2 marks)[4 + 5 + 4 + 2 = 15 marks℄
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13. f 0(x) = 3x2 � 3 = 0 , x = �1. Sin
e f 0(x) = 3(x� 1)(x+ 1), f 0(x) > 0 ifx < �1 or x > 1, and f 0(x) < 0 if x 2 (�1; 1). So f is in
reasing on ea
h of theintervals (�1;�1) and (1;1), and de
reasing on (�1; 1). We havef(�2) = �8 + 6� 1 = �3; f(�1) = 3; f(0) = 1;f �12� = �38 ; f(1) = �1; f(2) = 3:So f must 
hange sign on ea
h of the intervals (�2;�1), (0; 12 ), (1; 2), that is,have zeros in ea
h of these intervals. (6 marks)The Newton-Raphson formula be
omesxn+1 = xn � x3n � 3xn + 13x2n � 3 = 2x3n � 13x2n � 3 (3 marks)Hen
e x1 = 2x30 � 13x20 � 3 = 13 ; (1 mark)x2 = 2x31 � 13x21 � 3 = 2572 = 0:347222222; (1 mark)x3 = 2x32 � 13x22 � 3 = 170999492372 = 0:347296353; (2 marks)f(x3) = 0:000000006: (2 marks)[6 + 3 + 1 + 1 + 2 + 2 = 15 marks ℄
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14. For horizontal asymptotes:limx!�1 f(x) = limx!�1 11 + x = 0;limx!+1 f(x) = limx!+1� 31 + x + 14 � x� = 14 �1 = �1:So y = 0 is a horizontal asymptote (although only at �1). (2 marks)For verti
al asymptotes: the only possible asymptote is where x + 1 = 0,that is, where x = �1. We havelimx!(�1)� f(x) = limx!(�1)� 11 + x = �1So x = �1 is a verti
al asymptote, althoughlimx!(�1)+ f(x) = limx!(�1)+ ex = e�1: (2 marks)For points of 
ontinuity: the only possible dis
ontinuities are at �1 and 0.�1 is 
ertainly a dis
ontinuity, be
ause it is a verti
al asymptote. 0 is a pointof 
ontinuity, be
ause e0 = 11 = 1. (2 marks)For x 2 (0;1) we have f(x) = 341 + x + 14 � 14x:So we have f 0(x) = 8>>><>>>: � 1(1+x)2 if x 2 (�1;�1)ex if x 2 (�1; 0)�14 � 34(1+x)2 if x 2 (0;1)[2 marks℄The fun
tion is not di�erentiable at �1 be
ause it is not 
ontinuous there.The only other point that needs 
he
king is 0. There the fun
tion is not dif-ferentiable be
ause the left derivative is e0 = 1 and the right derivative is �1.(2 marks)So f 0(x)8<: < 0 if x 2 (�1;�1)> 0 if x 2 (�1; 0)< 0 if x 2 (0;1)So there are no stationary points. The fun
tion f is de
reasing on ea
h of theintervals (�1;�1) and [0;1) and in
reasing on [�1; 0℄. (2 marks)For zeros: sin
e 11+x 6= 0 for any x, and ex > 0 for any x, the only possiblezero is on (0;1), when 1� 14x2 = 0, that is, when x = 2. (1 mark)7



The graph of f is as shown.
x

y
�1 1 2

[2 marks℄[2 + 2 + 2 + 2 + 2 + 2 + 1 + 2 = 15 marks℄
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15 Write z = r 
os � + jr sin �.a) The polar form of 4j is 4(
os(�=2)+ j sin(�=2)). De Moivre's Theorem givesr2(
os 2� + j sin 2�) = 4(
os(�=2) + j sin(�=2)):So r2 = 4, 
os 2� = 
os(�=2),sin 2� = sin(�=2). So r = 2 and 2� = �=2 + 2n�,any integer n. So � = �=4 + n�, any integer n. So the possible values for z arez = 2(
os(�=4) + j sin(�=4)) = p2 +p2jand z = 2(
os(5�=4) + j sin(4�=4)) = �p2�p2j:[6 marks℄b) The polar form of �8j is 8(
os(��=2) + j sin(��=2)). De Moivre's The-orem gives r3(
os 3� + j sin 3�) = 8(
os(��=2) + j sin(��=2)):So r3 = 8, 
os 3� = 
os(��=2), sin 3� = sin(��=2)). So r = 2 and 3� =��=2+ 2n�, any integer n. Distin
t values of z are given by taking n = 0, 1, 2,that is, � = ��=6, �=2, 7�=6. So the solutions to z3 = �8j arez = 2 
os(��=6) + 2j sin(��=6) = p3� j;z = 2 
os(�=2) + 2j sin(�=2) = 2j;z = 2 
os(7�=6) + 2j sin(7�=6) = �p3� j:[9 marks℄[6 + 9 = 15 marks℄
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