Chapter 2

Differentiation (8.1-8.3,
9.5)

2.1 Rate of Change (8.2.1-5)

Recall that the equation of a straight line can be written as y = mx + ¢, where
m is the slope or gradient of the line, and ¢ is the y-intercept (i.e. the value of

y when z = 0).

Example y = 2z+4 1. Draw it. The slope 2 can also be looked on as the rate
of change of y with respect to z: when z increases by 1, y increases by 2. For
example, if z represents time in seconds, and y represents distance travelled in

meters, then the rate of change of y with respect to z is the speed of travel.

If the relationship between y and z is more complicated, for example y = 2,

then the rate of change of y wrt z is different for different values of z.

Example What is the rate of change of y wrt £ when x = 1?7 When z = 1,
y = 1. If z increases by a small amount &, then y increases to (1+68)2 = 1+25+62,
in other words y increases by 28 + 62. Thus

Changeiny _ 20+ 0°

= =2+4.
Change in z 1) +

Rate of change =

To find the instantaneous rate of change at x = 1, we let 6 — 0, to obtain

2. Thus the car is travelling at 2 m/s at time 1.

In general, let y = f(z). The rate of change of y with respect to z at z =

is given by



dy

- lim f(xo +6) = f(=o)
dx

§—0 )

Zo

Example Return to the example y = f(z) = 22, and let 29 be any value of
z. Then

dy lim f(zo +6) — f(zo)
dx 0 50 )
— m (o + 0)? — 23
§—0 1)
— lim T3 + 2w00 + 6% — x2
§d—0 1)

= lim(2
61_13(1)( To + 0)

= 23}0.

Thus at time xg, the speed of the car is 2z¢. Equivalently, at time x the
speed of the car is 2z. We also write
dy _ 2z, y' =2z, i _ 2z, or f'(z) = 2z.
dz
The rate of change is called the derivative of y wrt x, or the derivative of f(x)
wrt x, or just the derivative of f(z).

Geometrically f'(xo) is the slope of the tangent to y = f(z) at x = =g
(picture). Thus the equation of this tangent is y = f'(xo)z + ¢, where ¢ is the
y-intercept. In order to work out ¢, we use the fact that the tangent passes
through the point (zo, f(xo)). Putting £ = xo and y = f(x¢) in the equation
we get f(zo) = f'(xo)xo + ¢, s0 ¢ = f(xo) — f'(x0)T0o, and hence the equation
of the tangent is

y = f'(zo)z + f(w0) = f'(z0)o,
or

y = f(xo) + f'(0)(z — o).

Example Find the equation of the tangent to the curve y = z2 at 2o = 3.
When zg = 3 we have f(z9) =9, and f'(x¢) = 2z9 = 6. Hence the equation
of the tangent is
y=9+6(z—3)



or

y =6z —09.

2.2 Derivatives of common functions: rules of
differentiation (8.3.1-7)

Recall that if f(x) = z2, then f'(z) = 22. We found this with our bare hands:

f(z) = lim (@+0)*-a*

= lim 2z + 6 = 2z.
§—0 §—0

We can do the same thing for other common functions.

Example Let f(z) = 2®. Then

, . (z+6)P -2t
f@) = lm 5
~ lim 23 + 3226 + 3x6% + 6% — 2B
h §—0 1)

= lim(32? + 326 + 62)
6—0
= 322
Thus
—a® = 32°.

dx

To find the derivative of ™ for other values of n, we need to be able to work
out (z + 0)". To do this, we have the binomial theorem: to work out (a + b)",

we don’t have to work out
(a+b)(a+b)(a+d)...(a+Db),

we can use

(a+b)" = a"+< q )a"_1b+( Z )a"‘2b2+( g )a"‘3b3+---+( nﬁ 1 )ab"_1+b",

where
Ry n
r ) (n—r)lrl’



Rather than work out the coeflicients ( : ) using this formula, we can use

Pascal’s triangle. Draw it. Thus, for example

(a+b)* = a* +4a®b + 6ab* + 4ab® + b*.
Example Expand (1 + 2z)5 using the binomial theorem.
1° 4+ 5(1)*(2z) + 10(1)*(22)* + 10(1)2(27)* + 5(1)(22)* + (27)°

1+ 5(22) + 10(4z?) + 10(82°) + 5(162*) + (322°)
1+ 10z + 402” + 80z + 80z* + 322°.

(1+2z)°

We can use this to work out the derivative of z™ for any n. Let f(z) = z™.
Then

, . (z+O)”— 2"
X = llm —_—
f ( ) §—0 1)
— m " 4+ nz™ 18 + terms in §2, §° etc. — 2™
T 60 1)
= %irr(l)(nx”_l + terms in 4, 62 etc.)
—
= na"t
Thus
d n n—1
—z" =nz" 1.
dz
This gives 22 = 2z and £ 2° = 3z in agreement with our earlier calcu-

lations. We can also now calculate, for example

ixm = 572°C.

dz

8

Example Calculate the equation of the tangent to the graph y = z2® at

z=1.
Write y = f(x) = 22%. We want to use the formula for the tangent at = zq:

y = f(xo) + f'(z0)(x — x0),

so since xg = 1 the equation is

y=f1)+ M)z -1).



Now f(1) =128 =1, and f'(z) = 28227, so f'(1) = 28. Hence the equation of
the tangent is
y=1+28(z-1),

or
y = 28z — 27.

Derivative of sinz and cosz

Let f(z) = sinz. We can calculate f'(z) using what trigonometric identity (16):

sin(z + ) — sinz

! — 1
(@) 530 0
= L 2% (2z+0) sin ()
6—0 1)
L 5 sin(5/2)
= Jimcos(z +35) =5
= cosz.
Thus d% sinx = cosz.
Similarly & cosz = —sinz (exercise).

Example Find the equation of the tangent to the graph y =sinz at z = 0.

Write f(z) = sinz and o = 0. We want to use our formula

y = f(zo) + f'(x0)(z — o)

for the equation of the tangent. We have f(zg) =sin0 =0 and f'(z¢) = cos0 =
1, so the equation is
y=0+1(z - 0),

ory=uz.

To find derivatives of other functions, we need some rules of differentiation

The constant multiplication rule
If k is a constant, then Lkf(z) = kf' ().
Examples

a) 43z% = 3(2z) = 6.



b) L5zt = 20z°.

c) L2sinz = 2cos .
dz

The sum rule

If u and v are functions of z, then L (u+v) = ¢ 4 9 Alternatively, (u+v)' =
u + .

Examples

a) L (z®+2z+ 1) = 3z% + 2. Similarly, we can work out the derivative of any
polynomial.

b) %(352 + 2sinz — cosz) = 2x + 2cosz + sin z.

The product rule
If w and v are functions of z, then (uv)’ = wv' + u'v.

Examples

a) Let f(z) = z%sinz. We let u = 22 and v = sinz. Thus v’ = 2z and

v’ = cosz. The product rule says that f'(z) = 2% cosx + 2z sinz.

b) Let f(z) = cos?z = cosxzcosz. Welet u = v = cosz. Then v/ = o' =
—sinz. The product rule says that f'(z) = cosz(—sinz) + (—sinz) cosz =

—2sinz cosz. Note f'(x) = — sin(2z).

c) Let f(z) = z%sinzcosz. We let u = z?sinz and v = cosz. Thus u’' =

22 cosz + 2z sinz (part a)), and v' = —sinz. The product rule says that
f'(z) = (2* sinz)(— sin )+ (2 cos z+2z sin x) cos & = x°(cos® x—sin® 2)+2z sin x cos x.

(Note f'(z) = x? cos 2z + x sin 2z.)



The quotient rule

If u and v are functions of z, then

v

w\' ovu —ur
vz

Examples

a) Let f(z) =1/x. Welet u =1and v =z, so v =0 and v’ = 1. The quotient
rule says that

) = T = 1y,

b) Let f(z) = tanz = 2L We let u = sinz and v = cosz. Thus u' = cosz

and v’ = —sinz. Thus

coszcosr —sinz(—sinz)  cos?z +sin’z )
= 5 = 5 = —— =sec’z.
cos? cos? x cos?

f'(z)

c) Let f(z) =1/2". Welet u=1and v = 2", so u' =0 and v' = nz" 1. The
quotient rule says that

ooy z™0) = (Dnz™t  —n
f (.’L’) - x2n - pntl :
Written another way,
d -n —n—1
—z "= —nzx
dx ’
so we can see that
d n n—1
—z" =nzx
dx
whether n is positive or negative. In fact, we have %w“ = az® ! for any

number a. Some examples:

d) Let f(z) =/ = z'/2. Then f'(z) = (1/2)z /2 = ﬁ

e) Let f(z) = 4z =2~ '/%. Then f'(z) = —(1/3)2™*/% = ;-

T



The chain rule

Let £(z) = g(h(x)). Then f'(z) = g’ (h(x))}'(x).

Examples

a) Let f(z) = (4z — 1)3. Let g(z) = 2% and h(z) = 4z — 1, so f(z) = g(h(z)).
We have g'(z) = 322 and h'(z) = 4. Thus

f'@) = g (@)W (z) = 3(dz — 1) -4 = 12(4z — 1),

b) Let f(z) = sin(3z+2). Let g(z) = sinz and h(z) = 3z+2, so f(z) = g(h(z)).
We have ¢'(xz) = cosz and h'(x) = 3. Thus

f'(z) = g'(h(z))W (z) = cos(3z + 2) - 3 = 3cos(3z + 2).

More generally, -4 4 sin(az+b) = acos(ar+b) and - cos(az+b) = —asin(az+
b).

c¢) Let f(z) = (sinz + cos3x)3. Let g(z) = 2® and h(xz) = sinz + cos 3z, so
f(z) = g(h(z)). We have ¢'(z) = 322 and h'(z) = cosz — 3sin3z. Thus

f'(z) = ¢'(h(z))h (z) = 3(sinz + cos 3x)*(cosz — 3sin 3z).
d) Let f(z) = tan((sinz + cos3z)®). Let g(z) = tanz and h(z) = (sinz +

cos 3z?), so f(x) = g(h(z)). We have g'(x) = sec?(x) and h/(z) = 3(sinz +
cos 3x)?(cos z — 3sin 3z), so

f'(z) = ¢'(h(z))h (z) = sec?((sin z+cos 3z)?)-3(sin 2+cos 3z)%(cos z—3 sin 3z).

The Inverse Function Rule
Let y = f!(z) (so x = f(y)). Then

dy 1

dr — f'(y)’

Examples

a) Let y = /z (so z = y2, and we have f(y) = y2. Then



Thus

d 1
%‘/5_ 2z

This agrees with our earlier way of calculating this: -Lz'/2 = fracl2z='/2,
b) Let y = sin~'(z) (so x = sin y, and we have f(y) = sin y. Then

dy 1 1 1
dr  cosy /1—sin®y V1-—2a2

Thus
1
g -1 g .
& 0= e
¢) Similarly, it can be shown that
d 1 -1
% COs (:I:) = \/T—:EQ

d) Let y = tan~!(z) (so z = tan y, and we have f(y) = tan y. Then

dy 1 1 1
dr  sec?y 1+tan?y 1422
Thus
d 1
— tan™ = .
dz " (z) 1+ 22

2.3 An application: the Newton-Raphson method
(9.5.8)

This is a method for getting an approximate solution to the equation f(x) =0
in cases where we can’t get an exact solution. Suppose that, by drawing a graph
of f(x) we can see that there is a solution « (so f(a) = 0). The aim is to get a
good approximation to a. From the graph we can make an initial guess z( at
a. The idea (draw picture) is that the place z; where the tangent to the graph
at xo hits the z-axis is a better approximation than xg.

The equation of the tangent is

y = f(zo) + f'(z0)(z — z0),



which intersects the x-axis when y = 0, so

f(@o) + f'(x0)(x — z0) =0,

or
—f (o)
T —x9 =
°7 o)
Thus the tangent hits the z-axis when
f(@o)
T =1z0 —
°" f(xo)
Thus
_ f(@o)
r1 = 29 f’(.’l,'o) .

Now we can take x; as our new guess for «, and use the same method to get

a better guess
flz1)
f@)

We can repeat this as many times as we like to get better and better guesses

To = T1 —

T3, T4, and so on. In general

Tp+1 = Tn — f’(.fL’ )
n

Example Consider the equation z = cos z. By drawing the graphs of z and
cos x, we can see that there is a solution somewhere between = 0 and z = 7/2.
Let’s take 2o = 1 as our initial guess at the solution.

We need to write the equation in the form f(z) = 0, which we do by setting
f(z) =z —cosz. Then f'(z) =1+ sinz. Thus the formula

f(zn)

Tptl = Tp — f’(m )
n

becomes
. - Ty, — COSTp,
LTI T Csing,
So
— 1- 1
2y =g = 207080 g L=eos() ) pshany
1+sinzg 1+ sin(1)

This should be a better approximation than zy to the solution.

10



For the next approximation

X1 — COS X1 0.750364 — cos(0.750364)
=z — ——— =0.750364 — =(.739113.
T T T in g, 1 + sin(0.750364)
Then

my = @y — 202 _ ) 739085,

1+ sinxo
and

my = 5 — 2T 739085

1+ sinzg

Thus the solution is z = 0.739085 to six decimal places. Note that we got this
on the third step, but we had to go as far as the fourth step to know that it was
accurate to six decimal places.

Example Show graphically that the equation 3 = tan~!(z) has three so-
lutions, and find an approximation to the positive solution which is correct to
four decimal places.

From the graph, it is clear that there are three solutions z = 0 and z = *a.
We want to find an approximation to a. In order to be sure that the method
finds @ and not 0, we’ll make sure that our initial guess is bigger than a: let’s
take g = 2.

Write the equation as f(z) = ® —tan™!(z) = 0. Then f'(z) = 322 — L

1+z2
So
o flan) _ o z3 —tan~!(z,)
n+1 n fl(mn) n 3.7:% _ H% -
Thus
oy =2 2° —tan~1(2) _ o, 8-1107149 6892851 . ...
3-22 - 12— 1 11.8
Then
3 _ —1
Ty = 31 — Lnl(xl) = 1.084510.
3 _ t —1
2y = ay — 210 (22) g g37907.
3.’12'2 — m

11



T3 — tan~ ! (z3)

T4 =2g — = 0.903896.
4 3 302 — 1+_1z§
3 _ t -1
rs =g — T g00031.
3.’1}4 — ]__'_—wg
3 4.1
vg = zg — BT () _ o g09005.

2 _ 1
3z T5e2

Thus the solution is z = 0.902025, which is correct to at least 4 decimal
places. In fact, (0.902025)% — tan='(0.902025) = —0.00000093.

2.4 Differentiability (8.2.4)

The derivative f'(a) gives the slope of the tangent to the graph y = f(z) at
z = a. If there is no well-defined tangent at x = a, or if f(z) isn’t continuous
at z = a, then we say that f(z) is not differentiable at = a. Thus f(z) is

differentiable at x = a if
a) f(x) is continuous at x = a, and
b) The graph of y = f(z) has a well-defined (non-vertical) tangent at = = a.

We say that f(x) is differentiable if it is differentiable at £ = a for every

value of a.

Examples 1/z, |z|, |sinz|.

2.5 Higher derivatives (8.3.13)

The derivative f'(z) of a function f(z) is also a function, and may be dif-
ferentiable itself. Differentiating a function y = f(z) twice yields the second
derivative, which is written f"(z), f® (z), %, y" or %. It tells us the rate of
change of f'(z) wrt z: i.e. how the slope of the tangent to y = f(z) is changing

as x changes.

12



Similarly, the second derivative f”(z) may be differentiable, yielding the

third derivative f"(z), f®(x), or %. In general, we get the nth derivative

™ (x) or ‘Cil;f by differentiating f(z) n times in succession.
We say that f(x) is n times differentiable if it is possible to differentiate it

n times in succession, and that it is infinitely differentiable or smooth if there is

no limit to the number of times it can be differentiated.
Examples

a) Let f(z) = 2° + 222 + 32 + 1. Then f'(z) = 322 + 42 + 3, f"(z) = 6z + 4,
f"(z) =6, and f(™(z) =0 for all n > 4. Thus f(z) is smooth.

b) Let f(z) = sinz. Then f'(z) = cosz, f"'(z) = —sinz, "' () = —cosz,
f®(x) =sinz, and so on for ever. Thus f(z) is smooth.

¢) Let f(z) =1 =z '. Then f'(z) = -z 2, f"(z) =2z 3, f"(z) = —63 4,
fW(x) = 24272%, and so on. f(z) isn’t differentiable at z = 0 (since 0 isn’t

in its maximal domain), but it is smooth everywhere else.

2.6 Maclaurin Series and Taylor Series (9.5.1-2)
Suppose that f(z) is a smooth function, and suppose that it can be written as
f(x) = ap + a12 + apx® + aza® + gzt - -

or equivalently as

f(z) = Z arz”.
=0

Then we can work out the coefficients a, by repeatedly differentiating f(z):
f(0) = ao.

fl(z) = a1 + 2a22 + 3aszz? + dasz® + o, so £1(0) = ay.

f"(x) = 2as + 6azz + 12a42> + - - -, quad so f"(0) = 2az or az = f"(0)/2.

f"(z) = 6as + 24a4z +---, so f"(0) = 6as or az = f"'(0)/6.
f@(x) =24as +---, so fD(0) = 24a4 or as = f1(0)/24.
In general

an = f™(0)/nl,

13



SO

f(@) = £(0) + fV(0)z + f(22)!(0) z* + f(?;'(O) z® + f(j‘(O) ot 4.

or more concisely

()
f(ﬂf) — Z f T‘(x) z".
=0 '

(where we take 0! to be 1).

This is called the Maclaurin Series expansion of f(x). Note that we have

simply made the assumption that it is possible to write f(z) in this way: we’ll

see more later about which functions f(x) this is possible for, and for which

values of x it makes sense.

Examples

a)

Let f(x) = 2% + 222 4+ 2z + 1. We have f(0) =1, f'(z) = 322 + 4z + 2, so
F1(0) =2, f'"(z) =6x+4,s0 f"(0) =4, and f"'(z) =6, so f""(0) = 6. Then
f™(x) =0 for all n > 4, so f(™(0) = 0 for all n > 4. Thus the Maclaurin
series expansion is

1+2x+%x +§x =234+ 222 + 2z + 1.

Thus for polynomials, we just recover the original polynomial.

Let f(z) = sinz. We have f(0) = 0, f'(x) = cosz, so f'(0) =1, f"(z) =
—sinz, so f"(0) = 0, f"(x) = —cosz, so f"(0) = -1, f®(z) = sinz, so
F0) =0, fO®(z) = cosz, so f®)(0) =1, and so on for ever. Thus

. 1 -1 -1
sinx = .7:+—:17 + =24+ —z"+.

3! 5! !
or
L 23 N 25 27 N
R TR TR
Similarly, the Maclaurin series expansion of cos z is
2 ozt 2% a8
cosr=1— 4+ ———+ — —

20 4 6! 8

Working out the factorials in the series for sinz we get

z® z° z’

sinc=2— —+ — ——= +---,

6 120 5040

14



and the denominators get small very quickly. If z is also small, then the terms

in the Maclaurin series get small very quickly: for example

(0.D)* | (01°  (0.1)

sin(0.1) = (0.1) — 5 20 " Boa0 T
1 1 1
= (0.1) - — ...
(0-1) 6000 + 12000000 50400000000 +

Thus we can get a good approximation to sin(0.1) by just taking the first
few terms.

The first approximation is sin(0.1) = 0.1. The second is sin(0.1) = 0.1 —
1/6000 = 0.09983333. ... The third is sin(0.1) = 0.1 — 1/6000 + 1/12000000 =
0.09983341666 . . ., and so on. In fact, sin(0.1) = 0.099833416647 ... ..

Maclaurin’s theorem is very good for getting approximations to f(x) when x
is very small, but what happens if, for example, we want to get an approximation
to sin(10)? The Maclaurin series tells us that

3 5 7 9
sin(lO):lO—%%—%—%—%%—”-,

or

1000 n 100000 10000000 1000000000

in(1 =10 — _
sin(10) = 10 — —¢ 120 5040 362880

The terms do eventually get small (for example % = 0.00012...), but it
takes a long time.

One way to deal with this is to change variable, setting y = z — a for some
a, so that when z is close to a, y is close to 0. This change of variable gives the
Taylor series expansion of f(x) about x = a:
1106) (, _ gy 4 £4(@

f(m):f(a)+f'(a)(w—a)+Tw T(w_a)3+”"

or

X £(n)
f@) =3 I @ gy
r=0

n!

This is good for approximating f(z) when z is close to a (so that z — a is

small).

Examples

a) Let f(z) = 2 + 22 + 2 + 1, and let a = 1. We have f(a) = 4, f'(z) =
3z2 +2x+ 1, s0 f'(a) =6, f"(x) = 6z + 2, s0 f"(a) =8, and f"'(z) = 6,

15



so f"(a) = 6. Then f(™(z) =0 for all n > 4, so f(™(a) = 0 for all n > 4.
Thus the Taylor series expansion of f(z) about x =1 is

0 (x—=1)% = 44+6(x—1)+4(z—1)*+(z-1).

f(z) = 4+6(x—1)+§($—1)2+§

2!
Thus for a polynomial, we are simply rewriting it as a polynomial in z — a.

b) Find an approximation for f(z) = 1/z near z = 1 by using the first three
terms in the Taylor series expansion.
We have f(1) = 1. f'(z) = —1/2% so f'(1) = —1. f"(x) = 2/3, so
f"(z) = 2. Hence

i:1—($—1)+%($—1)2=1—(m—1)+($—1)2:x2—3m+3.
Tricks

zsinz, sin® z, cos? z.

2.7 L’Hopital’s rule (9.5.3)

What is lim,_,q Si%? If we write sin xz as its Maclaurin series expansion, then

3 5
sing _ r— G+ E+e 2t ot
T T

and it is obvious that lim,_, 22 = 1

Similarly, consider lim,_,o £=5%5Z . We have

2 4 2 4
l—cosz 1—-(1-% +% —... L2 4... 5 ;3
T

T T

l—cosz __ 0

and it is obvious that lim, o ==

We can do the same to work out any limit lim,_,, %f)) where f(a) = g(a) =

0. Expand f(z) and g(z) as Taylor series about = = a to get

f(@) = f@) + f'(a) (@ — a) + f';(!“) (@ —a)> +--
o(@) = 9() + g (@) — @) + LDz —a)? +



and so

[@) _f@e-a+50@-a?+  fa)+ 50 @-a)+
9(z)  g'(a)(x —a) + 9'12(!“) (x —a)? + g'(a) + 9”2(,“) (z—a)+---

from which it is clear that

@) fla)
a=a g(z)  g'(a)
This is L’Hépital’s rule. Note it only works when f(a) = g(a) = 0.
f"(a)

If f'(a) = ¢'(a) = 0, then we can extend this to show that the limit is 77y

if these are both 0, then it is %, etc.

Examples

a) What is lim,_,o ””2;’”2_2? We have f(z) = 22 — 2 — 2 and g(z) = x — 2, so
f'(z) =22 —1 and ¢'(z) = 1. Hence f'(2) = 3 and ¢'(2) = 1, so the limit is

3.

b)
. sinx —=x . coszx—1
lim ———— = lim —
z—0 3 z—0 3z
. —sinx
= lim
r—0 (%4
. —COosT 1
= lim = ——
z—0 6

2.8 The exponential function (2.7.1, 8.3.9)

Functions of the form f(z) = a®, where a > 1 is a constant, are called exponen-
tial functions.

Notice that a® = 1, a' = a, a® is large when z is large, and a=% = L is
small, but positive, when z is large. Thus all of the exponential functions are
increasing and have range (0, 00). Draw graphs of 2%, 3%, 4%.

Exponential functions have the following important properties:

a®lg®2 = g%ttee
Z1
a —  gF12
a®?
a*® = (d¥)® =p* where b = a*.
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By the last property, we only need to understand one exponential function
and we understand them all: for example 4% = 227 3% = 252 where k is the
number with 2% = 3.

We choose a preferred value of a in such a way that a” is its own derivative.

Define the exponential function f(z) = exp(z) to be the function with
f'(z) = f(z) and £(0) = 1.

This is enough to tell us its Maclaurin series expansion: since f(™(0) = 1

for all n, we have

z2 3 z? OO;U’”
exp(x):1+w+§+§+1+...zzﬁ_
r=0

It can be shown (not hard, but quite a lot of work), that exp(z) = e*, where

11 1
e=exp(l) =141+ g + 3+ 37+ = 2.7182818...

Thus €® and exp(z) are just different ways of writing the same function,
which has the crucial property that
d
—e® =¢".
dz
Draw graph. Note maximal domain is R, range is (0, 00), increasing, neither

even nor odd.

2.9 The logarithmic function (2.7.2, 8.3.9)

The inverse function of f(z) = a” is called the logarithm to base a, written log, .
Thus if y = a® then x = log, y.
The inverse of the exponential function y = e” is called the natural logarithm,
written In (so In is just another way of saying log,). Thusify = e then 2 = Iny.
We can draw the graph of y = In z by using the reflection rule. The maximal
domain in (0, 00), the range is R, and ln z is increasing.

To differentiate Inx, we use the inverse function rule: if y = f~1(z) (so

z = f(y)), then g—g = f,%y). In this case, y =Inz (so z = f(y) =€), so

dy _ 1 _ 1
dr  f'ly) e z°
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Thus

d 1
—(1 = _.
dx(nm) T

The properties of the exponential function give corresponding properties of
the logarithm:

e®1e® = 112 translates to In(z172) = Inz; + Inzs.

2% = e%17 %2 translates to In i—; =Ilnz — Inzs.
€™ = (e®)™ translates to Inz™ =nlnz.

Thus for example

In <\/;2W> = In(V10z) — In(y?)

In(10z) — 21ny

(In(10) + Inz) — 21ny.

N = N =

Inz doesn’t have a Maclaurin series expansion, since z = 0 isn’t in the
maximal domain of Inz. However, it is possible to calculate the Maclaurin
series of In(1 + z) (this comes down to the same thing as finding the Taylor
series of Inz about z = 1).

Have f(z) =In(1+ z), so f(0) =1In(1) = 0.

J'(@) = i 50 [1(0) =1 =1.

F"(@) = oikse, s0 £1(0) = —1.

1"() = g s0 £7(0) = 2.

1) = (s, s0 £(0) = 6.

Thus

$2 $3 4 :L.S

x
1n(1+$)_m—?+?—1+?

This expansion clearly doesn’t make sense if £ < —1, since In is only defined

for x > 0. We shall see later that it also doesn’t make sense if z > 1: in that
case, the numerators of the terms grow faster than the denominators. It does,
however, work for x = 1, when we get

1 1 1

1
n2=1-=4=—=4-
n 5T37 173

Because the terms get small very slowly, we need to take very many terms
to get an accurate approximation to In 2.
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2.10 Hyperbolic functions (2.7.3, 8.3.9)

The hyperbolic functions sinh x, coshz, and tanh z are defined in terms of e?:
their relationship with the ordinary trig functions will become clear when we do

complex numbers.
We have sinhz = €52, coshz = €L~ and tanhz = S22 We can
also define sechz etc. by analogy with the trig functions.

Notice that sinh(—z) = fﬂ_gﬁ = —sinhz, so sinh z is an odd function.

Draw graph. Odd, maximal domain and range are R, increasing.
Similarly coshz is even, its maximal domain is R, and its range is [1, 00).
tanh z is odd, its maximal domain is R, and its range is (—1, 1).
Notice that %e*z = —e %, soit follows that - sinhz = coshz and - coshz =
sinh z. By the quotient rule, we have
d sinhz  cosh® z —sinh®z

d 2
— tanh = =1 — tanh
dx an d;t: coshz cosh? z At

In fact, there’s another way to write cosh? z — sinh? . Notice that cosh? z —
sinh®z = (coshz + sinhz)(coshz — sinhz). Now coshz + sinhz = e® and
coshz — sinhz = e~®, o cosh® z — sinh®?z = e%e~® = € = 1. Compare this
with the standard trig identity cos? z 4 sin®z = 1.

In fact, every standard trig identity has a corresponding version for hyper-
bolic trig functions, which can be obtained by Osborn’s rule: change the sign of
term which involves a product (or implied product) of two sines.

For example sin(A + B) = sin A cos B + cos A sin B becomes sinh(A + B) =
sinh A cosh B + cosh Asinh B. cos(A + B) = cos A cos B — sin A sin B becomes
cosh(A+ B) = cosh A cosh B+sinh A sinh B. To understand what is meant by an
implied product the identity tan(A + B) = tand+tan B hocomeg tanh(A + B) =

1—tan Atan B

sin Asin B
cos A cos B

tanh A4+tanh B
1+tanh A tanh B

sines.

since tan Atan B = involves an implied product of two

Finally, let’s work out the Maclaurin series expansions of sinh z and cosh z.

We can either do this directly, by differentiating, or we can note that

2 .733 4 5

@ — 1 x x x
e = +.’L‘+—+y+—+y+"‘,
2 3 4 5
e T = 1_m+x__$_+$__$_+...

o 31 " 41 Bl
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Thus

coshz = “te $:1+x_2+x_4+
2 2! 4!
and
e’ —e? b
sinhx=T=$+§+§+...

Thus the series for coshz consists of the even terms of that for e*, and
the series for sinh x consists of the odd terms. Compare this with the series

expansions of sinz and cosz.
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