Chapter 2

Differentiation (8.1-8.3,
9.5)

2.1 Rate of Change (8.2.1-5)

Recall that the equation of a straight line can be written as y = mx + ¢, where
m is the slope or gradient of the line, and ¢ is the y-intercept (i.e. the value of

y when z = 0).

Example y = 2z+4 1. Draw it. The slope 2 can also be looked on as the rate
of change of y with respect to z: when z increases by 1, y increases by 2. For
example, if z represents time in seconds, and y represents distance travelled in

meters, then the rate of change of y with respect to z is the speed of travel.

If the relationship between y and z is more complicated, for example y = 2,

then the rate of change of y wrt z is different for different values of z.

Example What is the rate of change of y wrt £ when x = 1?7 When z = 1,
y = 1. If z increases by a small amount &, then y increases to (1+68)2 = 1+25+62,
in other words y increases by 28 + 62. Thus

Changeiny _ 20+ 0°

= =2+4.
Change in z 1) +

Rate of change =

To find the instantaneous rate of change at x = 1, we let 6 — 0, to obtain

2. Thus the car is travelling at 2 m/s at time 1.

In general, let y = f(z). The rate of change of y with respect to z at z =

is given by



dy

- lim f(xo +6) = f(=o)
dx

§—0 )

Zo

Example Return to the example y = f(z) = 22, and let 29 be any value of
z. Then

dy lim f(zo +6) — f(zo)
dx 0 50 )
— m (o + 0)? — 23
§—0 1)
— lim T3 + 2w00 + 6% — x2
§d—0 1)

= lim(2
61_13(1)( To + 0)

= 23}0.

Thus at time xg, the speed of the car is 2z¢. Equivalently, at time x the
speed of the car is 2z. We also write
dy _ 2z, y' =2z, i _ 2z, or f'(z) = 2z.
dz
The rate of change is called the derivative of y wrt x, or the derivative of f(x)
wrt x, or just the derivative of f(z).

Geometrically f'(xo) is the slope of the tangent to y = f(z) at x = =g
(picture). Thus the equation of this tangent is y = f'(xo)z + ¢, where ¢ is the
y-intercept. In order to work out ¢, we use the fact that the tangent passes
through the point (zo, f(xo)). Putting £ = xo and y = f(x¢) in the equation
we get f(zo) = f'(xo)xo + ¢, s0 ¢ = f(xo) — f'(x0)T0o, and hence the equation
of the tangent is

y = f'(zo)z + f(w0) = f'(z0)o,
or

y = f(xo) + f'(0)(z — o).

Example Find the equation of the tangent to the curve y = z2 at 2o = 3.
When zg = 3 we have f(z9) =9, and f'(x¢) = 2z9 = 6. Hence the equation
of the tangent is
y=9+6(z—3)



or

y =6z —09.

2.2 Derivatives of common functions: rules of
differentiation (8.3.1-7)

Recall that if f(x) = z2, then f'(z) = 22. We found this with our bare hands:

f(z) = lim (@+0)*-a*

= lim 2z + 6 = 2z.
§—0 §—0

We can do the same thing for other common functions.

Example Let f(z) = 2®. Then

, . (z+6)P -2t
f@) = lm 5
~ lim 23 + 3226 + 3x6% + 6% — 2B
h §—0 1)

= lim(32? + 326 + 62)
6—0
= 322
Thus
—a® = 32°.

dx

To find the derivative of ™ for other values of n, we need to be able to work
out (z + 0)". To do this, we have the binomial theorem: to work out (a + b)",

we don’t have to work out
(a+b)(a+b)(a+d)...(a+Db),

we can use

(a+b)" = a"+< q )a"_1b+( Z )a"‘2b2+( g )a"‘3b3+---+( nﬁ 1 )ab"_1+b",

where
Ry n
r ) (n—r)lrl’



Rather than work out the coeflicients ( : ) using this formula, we can use

Pascal’s triangle. Draw it. Thus, for example

(a+b)* = a* +4a®b + 6ab* + 4ab® + b*.
Example Expand (1 + 2z)5 using the binomial theorem.
1° 4+ 5(1)*(2z) + 10(1)*(22)* + 10(1)2(27)* + 5(1)(22)* + (27)°

1+ 5(22) + 10(4z?) + 10(82°) + 5(162*) + (322°)
1+ 10z + 402” + 80z + 80z* + 322°.

(1+2z)°

We can use this to work out the derivative of z™ for any n. Let f(z) = z™.
Then

, . (z+O)”— 2"
X = llm —_—
f ( ) §—0 1)
— m " 4+ nz™ 18 + terms in §2, §° etc. — 2™
T 60 1)
= %irr(l)(nx”_l + terms in 4, 62 etc.)
—
= na"t
Thus
d n n—1
—z" =nz" 1.
dz
This gives 22 = 2z and £ 2° = 3z in agreement with our earlier calcu-

lations. We can also now calculate, for example

ixm = 572°C.

dz

8

Example Calculate the equation of the tangent to the graph y = z2® at

z=1.
Write y = f(x) = 22%. We want to use the formula for the tangent at = zq:

y = f(xo) + f'(z0)(x — x0),

so since xg = 1 the equation is

y=f1)+ M)z -1).



Now f(1) =128 =1, and f'(z) = 28227, so f'(1) = 28. Hence the equation of
the tangent is
y=1+28(z-1),

or
y = 28z — 27.

Derivative of sinz and cosz

Let f(z) = sinz. We can calculate f'(z) using what trigonometric identity (16):

sin(z + ) — sinz

! — 1
(@) 530 0
= L 2% (2z+0) sin ()
6—0 1)
L 5 sin(5/2)
= Jimcos(z +35) =5
= cosz.
Thus d% sinx = cosz.
Similarly & cosz = —sinz (exercise).

Example Find the equation of the tangent to the graph y =sinz at z = 0.

Write f(z) = sinz and o = 0. We want to use our formula

y = f(zo) + f'(x0)(z — o)

for the equation of the tangent. We have f(zg) =sin0 =0 and f'(z¢) = cos0 =
1, so the equation is
y=0+1(z - 0),

ory=uz.

To find derivatives of other functions, we need some rules of differentiation

The constant multiplication rule
If k is a constant, then Lkf(z) = kf' ().
Examples

a) 43z% = 3(2z) = 6.



b) L5zt = 20z°.

c) L2sinz = 2cos .
dz

The sum rule

If u and v are functions of z, then L (u+v) = ¢ 4 9 Alternatively, (u+v)' =
u + .

Examples

a) L (z®+2z+ 1) = 3z% + 2. Similarly, we can work out the derivative of any
polynomial.

b) %(352 + 2sinz — cosz) = 2x + 2cosz + sin z.

The product rule
If w and v are functions of z, then (uv)’ = wv' + u'v.

Examples

a) Let f(z) = z%sinz. We let u = 22 and v = sinz. Thus v’ = 2z and

v’ = cosz. The product rule says that f'(z) = 2% cosx + 2z sinz.

b) Let f(z) = cos?z = cosxzcosz. Welet u = v = cosz. Then v/ = o' =
—sinz. The product rule says that f'(z) = cosz(—sinz) + (—sinz) cosz =

—2sinz cosz. Note f'(x) = — sin(2z).

c) Let f(z) = z%sinzcosz. We let u = z?sinz and v = cosz. Thus u’' =

22 cosz + 2z sinz (part a)), and v' = —sinz. The product rule says that
f'(z) = (2* sinz)(— sin )+ (2 cos z+2z sin x) cos & = x°(cos® x—sin® 2)+2z sin x cos x.

(Note f'(z) = x? cos 2z + x sin 2z.)



The quotient rule

If u and v are functions of z, then

v

w\' ovu —ur
vz

Examples

a) Let f(z) =1/x. Welet u =1and v =z, so v =0 and v’ = 1. The quotient
rule says that

) = T = 1y,

b) Let f(z) = tanz = 2L We let u = sinz and v = cosz. Thus u' = cosz

and v’ = —sinz. Thus

coszcosr —sinz(—sinz)  cos?z +sin’z )
= 5 = 5 = —— =sec’z.
cos? cos? x cos?

f'(z)

c) Let f(z) =1/2". Welet u=1and v = 2", so u' =0 and v' = nz" 1. The
quotient rule says that

ooy z™0) = (Dnz™t  —n
f (.’L’) - x2n - pntl :
Written another way,
d -n —n—1
—z "= —nzx
dx ’
so we can see that
d n n—1
—z" =nzx
dx
whether n is positive or negative. In fact, we have %w“ = az® ! for any

number a. Some examples:

d) Let f(z) =/ = z'/2. Then f'(z) = (1/2)z /2 = ﬁ

e) Let f(z) = 4z =2~ '/%. Then f'(z) = —(1/3)2™*/% = ;-

T



The chain rule

Let £(z) = g(h(x)). Then f'(z) = g’ (h(x))}'(x).

Examples

a) Let f(z) = (4z — 1)3. Let g(z) = 2% and h(z) = 4z — 1, so f(z) = g(h(z)).
We have g'(z) = 322 and h'(z) = 4. Thus

f'@) = g (@)W (z) = 3(dz — 1) -4 = 12(4z — 1),

b) Let f(z) = sin(3z+2). Let g(z) = sinz and h(z) = 3z+2, so f(z) = g(h(z)).
We have ¢'(xz) = cosz and h'(x) = 3. Thus

f'(z) = g'(h(z))W (z) = cos(3z + 2) - 3 = 3cos(3z + 2).

More generally, -4 4 sin(az+b) = acos(ar+b) and - cos(az+b) = —asin(az+
b).

c¢) Let f(z) = (sinz + cos3x)3. Let g(z) = 2® and h(xz) = sinz + cos 3z, so
f(z) = g(h(z)). We have ¢'(z) = 322 and h'(z) = cosz — 3sin3z. Thus

f'(z) = ¢'(h(z))h (z) = 3(sinz + cos 3x)*(cosz — 3sin 3z).
d) Let f(z) = tan((sinz + cos3z)®). Let g(z) = tanz and h(z) = (sinz +

cos 3z?), so f(x) = g(h(z)). We have g'(x) = sec?(x) and h/(z) = 3(sinz +
cos 3x)?(cos z — 3sin 3z), so

f'(z) = ¢'(h(z))h (z) = sec?((sin z+cos 3z)?)-3(sin 2+cos 3z)%(cos z—3 sin 3z).

The Inverse Function Rule
Let y = f!(z) (so x = f(y)). Then

dy 1

dr — f'(y)’

Examples

a) Let y = /z (so z = y2, and we have f(y) = y2. Then



Thus

d 1
%‘/5_ 2z

This agrees with our earlier way of calculating this: -Lz'/2 = fracl2z='/2,
b) Let y = sin~'(z) (so x = sin y, and we have f(y) = sin y. Then

dy 1 1 1
dr  cosy /1—sin®y V1-—2a2

Thus
1
g -1 g
75 Sin (z) i
¢) Similarly, it can be shown that
d 1 -1
% COS (:I:) = \/T—:EQ

d) Let y = tan~!(z) (so z = tan y, and we have f(y) = tan y. Then

dy 1 1 1
dr  sec?y 1+tan?y 1422
Thus
d 1
— tan™ = .
dz " (z) 1+ 22



