Chapter 5

Complex numbers (C)

5.1 Historical motivation (3.1)

Consider the equation 2% — z + 1 = 0. Using the formula (—b & v/b? — 4ac)/2a

we get
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No solutions? If we write j = v/—1, then we have
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There are two solutions, but they are complex numbers: they are of the form
x 4+ y7j, where z and y are real numbers, and j = v/—1. NB j is often written j.

The real numbers are not algebraically closed: you can write down a polyno-
mial equation, using only real numbers, which has no real solutions. The com-
plex numbers are algebraically closed: any polynomial equation (even involving
complex numbers) has a complex solution. This is one of many mathematical
justifications for considering complex numbers.

In fact, the justifications are not just mathematical: in a deep sense, com-
plex numbers are the fundamental number system of the universe, and it is our
own limitations which cause us to see them as less natural than real numbers
(e.g. quantum mechanics). Even in relatively straightforward physical situa-
tions, calculations can become much easier and more natural if we use complex

numbers rather than real numbers (e.g. complex impedance, section 3.5).



5.2 Basic definitions and properties (3.2)

A complex number z is one of the form z = = + yj, where = and y are real
numbers, and j2 = —1. The set of all complex numbers is written C.

A complex number z has a real part © = R(z), and an imaginary part
y = (z). For example, if z = 2 — 34, then R(z) = 2 and I(z) = —3 (Note: the
imaginary part doesn’t include the j). If &(z) = 0 then z is a real number. If
R(z) = 0 then z is called an imaginary number — not a very useful term.

Two complex numbers are equal if their real and imaginary parts are equal:
ie.a+bj=c+djifa=cand b=d.

If z = a+ bj is a complex number, its complex conjugate Z is the complex
number Z = a — bj obtained by changing the sign of the imaginary part. Note
also written z*. We have z = Z if and only if z is a real number.

Since a complex number z = x + jy is described by two real numbers x and
y, we can represent it by the point (z,y) in the plane. Draw and show some
examples. Real axis and imaginary axis. Note that Z is the reflection of z in

the real axis.

Arithmetic with complex numbers

Addition and subtraction work just as with vectors: if z1 = 1 + jy; and 2o =
To+jys then 21+ 20 = (1 +x2)+J(y1 +y2) and 21 — 29 = (21 —x2) +7(y1 — y2).
Examples: (2+37)4+(3—-2j)=5—4,(2—-2j)—(3—j)=—-1—3j.

Notice that if z = = + jy, then z + z = (x + jy) + (z — jy) = 2z. Thus
z+2z = 2R(z). Similarly, z—z = (x+jy) — (z —jy) = 2jy. Thus z—z = 2j3(2).

For multiplication, we multiply them out the two expressions and remember
that j2 = —1. Thus (24 j)(3 —2j) = 6 —2j2+3j —4j = 8 — j, and (2 —
2§)(3 = j) = (6 +2j2 — 6j — 2j = 4 — 8j. In general (a1 + jy1) (w2 + jya) =
(122 — Y1y2) + (1Y2 + T291)].

Note j2 = —1,53 = —j, j*=1,75=34,i%= -1, ;7= —4, 18 =1, etc.

An important fact is that, for any complex number z, zZ is always a real

number. For if z = z + jy, then Z =  — jy, and
22 = (x4 jy)(x — jy) = 2% — j2* + joy — jay = 2° + 42
Thus for example (2 + j)(2+ j) = 22 + 1% = 5. Moreover, 2z = 2% + y* = 12,

where 7 is the distance of z from the origin in the Argand diagram. We write

this distance as |z|, the modulus of z: thus

2z = |z or |z| = Vzz.



We can use this to divide two complex numbers z; and z: if z1 = 1 + jy1

and 23 = x5 + jy2, then we simplify

Z1 T+ Ju

Z2 T2+ JY2

by multiplying top and bottom by Z5 = x5 — jys: this makes the bottom into a

real number, which we can just divide by.

Examples
a)
1 —J . :
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(You can check j(1 —j) =7 —j2=1+j).
c)
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5.3 The polar form of complex numbers (3.2.5,3.2.6)

Just as with points (z,y), complex numbers can be represented in polar coor-
dinates: we can describe a complex number z = x + jy by its distance r from
the origin, and its angle § with the origin.

We've already seen that r = |z| = v/2Z = /22 + 42, the modulus of z. 6 is
given by tanf = y/x, and is called the argument of z, written arg(z).

Remember (from polar coordinates) that tan~!(y/z) is an angle between
—7/2 and 7/2. Thus we can’t just say arg(z) = tan~!(y/z): we have to look
at where z is in the argand diagram. In fact, it is traditional to give arg(z) as

an angle between 0 and 27: thus we have

tan™!(y/x) itx >0,y >0,

5 ifx =0,y >0,
arg(z) = tan"l(y/z)+7  ifz <O,

%’r ifx=0,y <0,

tan~1(y/x) + 27 if x>0,y <O.



Examples arg(l) =0, arg(1 + j) = n/4, arg(j) = 7/2, arg(—1 + j) = 37 /4,
arg(—1) = m, arg(—1 — j) = 57w /4, arg(—j) = 3n/2, arg(l — j) = Tn/4.

If 2 =z + jy and |z| = r, arg(z) = 0 then (draw picture) = rcosf and

y =rsinf. Thus z = rcosf + jrsinf, or
z=r(cosf + jsinb),

In fact, we can write this in a better way. Recall
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Now j? = —1, j3 = —j, j* =1, j° = j etc., so
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= cosf + jsinf.

This is Euler’s formula: €% = cosf + jsin 6.
Thus

z=rel’,
the polar form of z.
Examples Express the following complex numbers in polar form:
a) z=147j.
We have |z| = v/2 and arg(z) = tan™'(1) = 7/4, so

1+j =127,

b) z=-1.

We have |z| =1 and arg(z) = 7, so

—1=¢".



c) z=-2-3j.

We have |z| = v/22 + 32 = /13, and arg(z) = tan™}(—3/ — 2) + 7 ~ 4.646,
S0
—2—3j = /136467,

In polar coordinates, multiplication and division of complex numbers be-
comes very easy (while addition and subtraction become harder).

_ j0 _ 12
If 21 = r1e?"t and zo = 12772, then

Z1%2 = T1€]617’26J‘92 = T1T26J(61+02).

(multiply the moduli and add the arguments).

761 )
21 _ne - 7;16](91—02).
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(divide the moduli and subtract the arguments).

Remarks on Euler’s formula e/ = cos + jsin6

Fjrst, it is important to recognize e’? as the complex number which is distance
1 from the origin at angle 6 (draw picture with circle of radius 1 and a few
examples on it).

Since cos # and sin f are unchanged when you add 27 to 6, so is /Y. Thus
1 = @Oj = 627Tj = 647Tj — e6ﬂ'j = 6727‘-‘]‘ = 6*47\'j — ...

j= oTI/2 — G5TI/2 _ 9TG/2 _ =3mi/2 _ .
and so on.

e 7" = cos(—0) + jsin(—0) = cosf — jsinf = cosf + jsin6.

Thus the complex conjugate of €79 is

eif = e39.
(Picture).
Adding the equations
e’ = cosO+jsinf
e = cosf—jsinf



we get
e + 779 = 2¢os0

or
e1? =70
cos) = ——
2
Subtracting them gives
j0 _ o—30
sinf = € .e
2j

This shows the relationship between the trigonometric functions cos and sin,

and the hyperbolic functions cosh and sinh. In fact,

cos 0 = cosh(j0),
. 1. . o
sinf = ;smh(g@) = —7jsinh(j0).

So, from the point of view of complex numbers cos and cosh are essentially
the same function, as are sin and sinh. This also explains Osborn’s rule: every

time we have a product of two sines, we get (—j)? = —1.

5.4 de Moivre’s theorem (3.3.1, 3.3.2)

We have 7% = cos@ + jsinf. Hence
(cosf 4 jsin®)" = (e/9)" = /"% = cos(nf) + j sin(nb).
That is
(cos @ + jsin @)™ = cos(nf) + jsin(nd).

This is de Moivre’s theorem. One of its uses is to obtain trigonometric
identites easily. These are of two main types:
First, we can write cos(nf) and sin(nf) in terms of cos@ and sinf. The

method is to write
cos(nf) + jsin(nd) = (cos@ + jsinh)",

and expand the right hand side using the binomial theorem.

Examples



cos(20) + jsin(20) = (cos@ + jsinh)?
= cos?0 —sin® 0 + 25 sin 0 cos 6.

Equating the real parts gives cos(20) = cos?# — sin” , equating imaginary

parts gives sin(26) = 2sin§ cos 6.

b) With more complicated examples, it’s usual to abbreviate ¢ = cosf and
s =sinf.
cos(30) + jsin(30) = (c + js)?
= & +3c%(js) +3c(js)* + (js)°
= & +3jc?s —3¢cs® — js®
= (c®—3cs?) + j(3c%s — s%).

Thus cos(36) = cos® § — 3 cos @ sin? §, and sin(30) = 3 cos? fsinf — sin® 6.

cos(50) + jsin(50) = (c + js)®
= S +5c1(js) +10c3(jis)? 4 10c2(js) + 5e(js)* + (4s)®
= (® —10c%s% + 5est) + j(5ets — 10c?s® + 7).

Thus cos(50) = cos® §—10 cos® 6 sin? §4-5 cos f sin* §, and sin(50) = 5 cos* f sin H—

10 cos? 6sin® 0 + sin® 6.

Second we can write powers of cos 6 and sin 0 in terms of cos(nf) and sin(n#).
To do this, write z = cosf + jsin 6, so
2" = cosnf + jsinnd (5.1)
z = cosnf — jsinnb. (5.2)

Adding gives

2cosnf = 2" + 27",

and subtracting gives

2jsinnf = 2" — 27",

To get an expression for cos® @, we write 2cosf = z + 271, so

2" cos™ 0 = (z + zil)n



Expand this using the binomial theorem, and use (1) and (2) to simplify. Simi-

larly for sin” 0, using 2jsinf = z — 2~ L.

Examples
a)
2%cos’0 = (z+271)°
= 234322271 4322724273
= (P42 +3(z+27Y)
= 2cos30+ 6cosh.

So
4cos® 0 = cos 360 + 3 cos 6.
b)
(25)3sin®0 = (z—2z"1H)4
= 23324371273
= (*-273)-3(z-271
= 2jsin30 —6;sinb.
Thus
873 sin® 0 = 2 sin 30 — 65 sin 6,
or
4sin®0 = —sin 30 + 3sin b.
¢)
(2§)*sin*0 = (z—z"H4
= 2442 4+6-42"24271
= 2cos46 — 8cos20 + 6.
Thus

8sin* @ = cos46 — 4 cos 20 + 3.



5.5 Roots of complex numbers

De Moivre’s Theorem can be used to find the square roots of a complex number,
or the cube roots, or the k’th roots, for any integer k. Any nonzero complex
number z has k different k’th roots. If we write s in polar form, z = re/? then

the k’th roots are given by rl/kei@+2mm)/k for 0 < | < m.
Examples

a) If z=14j then = V2e9™/% Then the square roots of z are
M/ 4eI™/8 — 914 (cos(7/8) + jsin(m/8))
and

o1/4e197/8 — 91/4(cos(9m /8)+7 sin(97/8)) = —21/4eI™/8 = 21/ (cos(7/8)+j sin(7/8)).

b) If z = —8j, then z = 8¢73™/2), The cube roots are then 2¢7(7/2+27m/3) for
m =0, 1 2. So the cube roots are

2€j7r/2:2j, 2€j(7r/2+27r/3:2€j77r/6:—\/g—j,

Zej(ﬁ/2+47r/3 _ 2€j117T/6 — \/57]



