1. The maximal domain is R and the range is (—1,00) (1 mark each).

The graph is shown below (1 mark). It crosses the x and y-axesat x =y =0
(1 mark).

2. We have f(0) =1, f'(z) = —3(1 + 3z)7%2, so f/(0) = —=3/2, and ["(z) =
Z0(1 4 32)7%/2, s0 f"(0) = 27/4. (1 mark each for f(0), f'(0), and f”(0)).

Hence the first three terms in the Maclaurin series expansion of f(x) are
flz)=1-32/2+272*/8 +---.

(1 mark for correct coefficients carried forward from f(0), f/(0), and f”(0).
1 mark for not saying f(z) = 1 — 3z/2 + 2722/8).
3. (&) r=+v1+1=+2 (1 mark). tanf = —1/1 = —1, so since z > 0 we
have § = tan~!(—1) = —m/4 (3 marks).

(b) z = 4cos(—7/6) = 4(v/3/2) = 2/3 and y = 4sin(—7/6) = 4(—1/2) =
—2. (1 mark each)

Subtract one mark for each answer not given exactly.

21 1 2
/ — tcosxdr = {— + sin x} (3 marks)
1 T X 1

_ (_; +sin(2)) — (1 + sin(1)
= 0.568 (2 marks)

to three decimal places.



5. Differentiating the equation with respect to x gives

dy d
20 + 4y + 4xd— +2 % 0 (3 marks).
Hence p _—
@w_ oty (2 marks).
dx do + 2y

Thus 2 is equal to —1 when (z,y) = (1,1). (1 mark).
The equation of the tangent at this point is therefore

y=—(@2—-1D+1=2—z (2 marks).

6. (a) By the product rule,

d
7 — (14 2)e* = e** +2(1 + )™ = (3 + 2z)e*. (2 marks).
T

(b) By the chain rule,

CZE(x2+2x+5)7 = 7(2*+22+5)%(224+2) = 14(z+1) (2> +22+5)° (2 marks).

(c¢) By the quotient rule,

d < CoS T ) _—a +at)sinx — 4x3cosx‘ (2 marks).

de \1+ z* (14 24)?

7. Stationary points are given by solutions of f’(z) = 0, i.e. when

1 1
/ 3
fllx)=——=+22=0 o -
(x) -2 z r T =3
SO there 18 only one stationary pOil’lt, namely r=2" 1/3 (3 marks 1 fOI the

derivative and 2 for the solution.)

To determine its nature, f”(x) = 2/2% + 2 so f”(27/3) > 0, and the sta-
tionary point is a local minimum. (2 marks, 1 for the second derivative and
one for classifying the stationary point).

2tz = 5—] (1 mark)
2n—2 = 3+3j (1 mark)
27y = (A+5)(1-2j)=4—-8j+j—2"=6-7Tj (2 marks)
4457  (A+5)1+25)  249j
1-25 (1—-2)(1+25) 5

21/ 22 (2 marks).



9. sin~*(v/3/2) = /3 (1 mark). The general solution of sinf = v/3/2 is

0= (-1)"n/3+nm (neZ) (3 marks).

10.

a+b = 2i+3k (1 mark)
a—b = 2j+3k (1 mark)
la]| = VI24+124+32=V11 (1 mark)
b| = VI2+12=v2 (1 mark)
0

a-b = 1-140= (1 mark).
Hence the angle between a and b is 7/2 (1 mark).

11. The Maclaurin series expansion of cosh x is

2
coshle—i-j—kﬂ—i—--- (2 marks)
Hence
(a)
e
xcoshx:x+§+~-- (2 marks)
(b)
, 2zt
cosh(2z) =1+ 2z° + 5 - (2 marks)
(c)
o
cosh(z®) =1+ 5t (2 marks)
(d)
2 4 4
(coshl')2=(1+%+%+--~)2=1+x2+%+--- (4 marks)
e have 0.01  0.0001
cosh(0.1) = 1+ 7 + T + -+ = 1.005004

to 6 decimal places. (3 marks)



12. The radius of the convergence R of the power series
Z anpx”
n=0

is given by

Qn

R = lim

n—oo

An+1
provided this limit exists. In this case a, = (—1)"/(n 5"), so
(n+1) 5"t n+1

=35
n 5n n -’

|/ Ang1| =

which tends to 5 as n — oco. Hence R = 5. (8 marks).

When z = 5, the series becomes

f: (-1

n

This converges by the alternating series test, which states that
> (=1)"a,
n=0

converges if a, is a decreasing sequence with a,, — 0. (3 marks)
When z = —5, the series becomes

<1

>

n:071

which diverges (standard result). (3 marks).

Hence the series converges if and only if —5 < z < 5. (1 mark).



13. The graphs are as shown:

Y

(6 marks).

Between 0 and 1 the function 1 — 2% decreases monotonically from 1 to 0
whereas sin x increases monotonically from 0 to sin1 > 0. Hence they must
cross once in this range. For « € (1, 7) there are no roots because sinz > 0
and 1 — 2% < 0. For z € [r,00) there are no roots because sinz > —1 and
1 —2? < —8. (3 marks).

We have f'(x) = —2x — cosx, so the Newton-Raphson formula becomes

2 .
1 —x; —sinx,

Tpi1l = Tp + (3 marks).

2x,, + coszx,

Hence with xo = 0.7

1 = 0.638001.
x9 = 0.636733.
x3 = 0.636733.

(1 mark each).



14. For z < 0 we have f(z) = 2* + 3z — 1, which has zeros at

3+ 13

=—

of which —(3 + 1/13)/2 lies in the range of definition. As z — 0 we see
flx) = 1.

The derivative is f’(x) = 22+ 3, so there is a stationary point at x = —3/2.
Since f”(x) = 2, the stationary point is a local minimum. f(z) = —13/4
at the stationary point. The gradient of 22 + 3z — 1 at o = 0 is 3.

X

For > 0 we have f(z) = 2/(x —2), which has no zeros and is equal to —1
at x = 0, and tends to 0 as  — oo. f/(z) = —2/(z — 2)?, so there are no
stationary points, and f(z) is decreasing in (0,2) U (2, 00). The gradient is
—1/2 at x = 0. There is a vertical asymptote at = = 2.

The graph of f(x) is therefore

Y

.
\
!
\
\
| X=2
(12 marks).
f(x) is not continuous at = 2, since 2 is not in its maximal domain. (1
mark).

f(z) is not differentiable at x = 2 (not in maximal domain), nor at x = 0
(no well-defined tangent to the graph at this point). (2 marks).



15. Let z = cos @ + jsinf, so by de Moivre’s theorem

Z" = cosnb + jsinnf

z = cosnf — jsinnd.

Thus z" + 27" = 2cosnf. (4 marks)

In particular, 2cosf = z + 27! so

8cos’ = (z+271)
= 2243243214273
= (P+27)+3(z+27")
= 2cos360 + 6cosb.

Thus,
4 cos® 0 = cos 30 + 3cosb,

soa=1,b=3and c=0. (5 marks)
S0

—_

w/4 T
/ cos’vdr = 1 / (cos(3x) + 3 cos(z)) dx
0 0

lsm(?’x) + 3sin x]

sin(r/4) | 3S1n(7r/4)>
2) _ 5v2
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(6 marks)



