Solutions to MATH105 exam September 2011
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Section A

1.a) For a real number x, 22 + 2z — 3 = 0 if and only if z = 1 or
r = —3.

This is true because 22 +2rx —3=(z —1)(z+3)=0& 2 —-1=0
or x + 3 =0.

b) For a real number z, if x is greater than 2, then x is greater than
1 and less than 3.

This is clearly false. For example if x = 4 then 4 > 2 but it is not
true that 4 < 3.

2a)Jr € R,z € Q.
b)dz €R, z <3Az?>09.

3a) No, 2 ¢ [0,2).
b) No 3 ¢ X because 3% > 5.
c

) No because 1 — 2i is not a real number
f) No because v/3 is not rational.

da)1<3r -5 6<3z <2<
2—zx

b) If 1 +2 > 0 then —1 < 1

2—x
< 1+ <l -1—-2<
€T 1+ 2«

2—x<1+x<:>—1<2<1+2x<:>§<x,whichisc0mpatible

with > —1.

2—x

If1+:v<0then—1<1 <l —-1—-ax>2—z>14+2=

+x
—1 > 1, which is never true.

1
So altogether we have —1 << 1 e

1
<l& 3 < x. It is permissible
-
to do this question by sketching the graph.
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5. To start the induction, 2* = 16 < 24 = 4!. So 2" < n! is true for
n = 4.
Now suppose inductively that n > 4 and 2" < n!. Then

2"l =2.2"<2.nl<(n+1)-nl=(n+1)!

So true for n implies true for n+1 and 2™ < n! is true for all n > 4.

6. Performing integral row operations to implement Euclid’s algo-
rithm:

1 0]168 . 1 0(168 Ry — 2R, 5 —2(24
0 1]408 Ry — 2R, —2 1|72 -2 1172
. 5 —2(124
Ry — 3R, —17 710

As a result of this:
(i) the g.c.d. d is 24;
(ii) from the last row of the last matrix, r = 7 and s = 17;
(iii) from the first row of either of the last two matrices m =5 and
n= -2
iv) The lL.c.m is 408 x 7 = 2856.

7a) f((—1,00)) = (—1,00) because the cube root of x exists for
all x € R, f is increasing, f(—1) = —1 and f(z) — +o0 as x —
+00. So the image of f is (—1,,00) and f is surjective. Also, f is
injective, because f is strictly increasing, and any strictly increasing

function is injective.

r+1
b)f(x):y(:)y:m@xy—y:erl(:)a:(y—l):erl(:)

1 1
xr = y_—l—l Now vt 7 is defined for y € R < y # 1. So the image
Y= Y=
of fis (—o0,1) U (1,00) # R and f is not surjective. However, f
is injective, because, for any y # 1, the only value of x for which

oyl
f(:t:)—ylsx_—y_l.
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8a) One conditional definition is {xr e R: —1 <z < 1}
b) One constructive definition of this set is {2sinz : x € R}

9a) This is neither increasing nor decreasing, because r; = —1,
To = 2 and z3 = —3.

b)n?—8n+15=(n—3)(n—5). Sox; =8, 13 =323 =0, 214 = —1
and z5 = 0. So this sequence is neither increasing or decreasing.

1
¢) Since — is decreasing with n, we see that x, is an increasing
sequence.
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Section B

10. ~ is reflexive if
x~avVreX

~ is symmetric if
r~y = y~a Ve ye X
~ is Transitive if

(rt~yANy~z) = x~zVar y €X.

a) ~ is reflexive because 3 | t —x = 0 for all x € Z. It is symmetric
because if  —y = 3m for some m € Z then y —x = 3(—m). .It is
also transitive because if t—y = 3m and y—z = 3p form and p € Z
then z — z = 3(m + p) where m + p € Z. So ~ is an equivalence
relation

b) If z = 1 then x € Z and zx = 2? = 1 is not even. So ~ is not
refelexive and hence not an equivalence relation.

1
C)Ifmzéthenxe@andm::xzzzl§ZZ. So once again ~ is

not reflexive and not an equivalence relation.

d) If z€ C then z — 2 =0 =0+ 0i. So ~ is reflexive.

If z—w =m+mni for m, n € Z then w—z = —m+ (—n)i and —m,
—n € Z So ~ is symmetric.

If z—w=m;+nyt and w—v = p+ qi, where m, n, p, ¢ € Z, then
z—v=(z—w)+(w—-—v)=m+ni+p+qi=(m+p)+(qg+n)
and m + p, n 4+ q € Z. So ~is transitive and ~ is an equivalence
relation.
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3 marks 11. We have zg = 2 and x; = 1 Sox? —3 = T -3= 6 So (i),
(iii) and (iv) hold for n = 0 and (v) holds for n = 1.
3
2 marks (i) If z,, > 0 then % and 5> 0 and ;41 >0
Tn
5 marks (ii)
2 2
9 T 3 r, 3 9
3=y 2 ) —3=Ing 2y T 3
Tt (2 +2xn> y T2 e
2 3 9 1, )
—Z_§+E—E($n_6xn+9)
(x5 —3)°
42
1 mark (iii) From (ii), we see that 22,, — 3 >0 )
-3
4 marks (iv) From (iii) for x,we see that z,+1 — x, = —x’; < 0 and
Tn

hence 2,41 < x,. From 2,41 > 0 (i) and 27, — 3 > 0 (iil) we see
that x, 41 > 1.
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12(1) JAUCUS| = |A|+|C|+]|S|—|ANC|—|ANS|—|CNS|+]ANCNS].

(i) A=(AnC)Uu(AnS)and (ANC)N(ANS)=ANnCNS
Therefore, by the inclusion-exclusion principle for two sets,

Al =]ANC|+|ANS|—|ANnCNS|

(iii) From (i) we obtain
30=24+4+26426—|[ANC|—|ANS|—|CNS|+17

or

63=[ANC|+|ANS|+|CNS]
From (ii) we obtain
24 =|ANC|+|ANS|—17

or

41 =|ANC|+]ANS| (2)

Subtracting (2) from (1) we obtain that the number of people who
both canoe and sail is |[C'N S| = 63 — 41 = 22.

(iv)
S|=14+|SN(AUC)|=1+|SNA[+|SNC|-|SNANC]|

So
26 =1+ |SNAl+22-17

and |S N A| =20. Then from (2) we obtain that |A N |C| = 21
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13(i) A set A C @ is a Dedekind cut if

e A is nonempty, and bounded above,
ercANy<z=yecA

e A does not have a maximal element.

medskip

(ii)a) {x € Q: z > 1} is not bounded above, so not a Dedekind cut
(ii)b)2 is a maximal element of {x € Q : z < 2} and so A is not a
Dedekind cut

(iii) A is bounded above by 1, which is not in A, because 2> +z—1 =
(z+ 3)? — 2 is strictly increasing for z > —%, and 124+ 1 —1 > 0.
Ifaec Aand b < a then if b <0 we have b€ A. If 0 < b < a then
since 2 +z — 1 is strictly increasing on [0, 00), we have b*+b—1 <
a’+a—1<0andbc A

If 0 <a, e <1 then
(a+e)+ate—1=a*+a—1+2ae+e*+e<a’+a—1+2+e+e

<a’4+a—1+4e

2
-1
Ife < —% then a2 +a—1+4+4c < 0and, ife € Q, a+¢c € A.

So a is not maximal, for any a € A, and A is a Dedekind cut.



