Solutions to MATH105 exam September 2012

2 marks

4 marks

Section A

l.a) If 22 = 4 then z is an integer.

This is true because 22 = 4 < x = £2 and both 2 and —2 are integers.
b) If z is rational and = < 1 then there exists a rational number y which
is strictly between x and 1

1 —
This is also true, because y = ¥ is rational and Yy—x = 5 * >0
1
and 1 —y = 2x > 0.
Standard home-
work exercises
6 marks in total
2 marks 2a)r < —1Vvz >0
2 marks b) 3z € (0,7/2) such that tanz < x.
Standard home-
work exercises
4 marks in total
2 marks 3a) —1<0and 2 <3< 4. So ((—3,-1)U(2,4]) N [0,3] = (2, 3]
2 marks b) (0,2) U ((1,3)N[2,4)) = (0,2) U [2,3) = (0, 3).
2 marks c) [2,3) C [-1,3], and so [-1,3] U [2,3) = [-1, 3]
(-1,3]U[2,3)u(6,7) N[3,5) = ([-1,3] U (6,7]) N [3,5)

Standard home-
work exercises
6 marks in total

= ((=1,3]N[3,5)) U((=1,3) N (6,7])
=(-1,3]n[3,5) = {3}.

4 marks

4 marks

Standard home-
work exercises.
8 marks in total

4a) 322 >22+1 ©322-22-1>0< Br+1)(z—1) >0

1
< Br+1>0A2—-1>0)V@Bz+1<0Az—-1<0)= x> 1\/:U<—§.

3 3
b) ‘2+’§1@—1§2+§1@—3§ < -1
X xr

8| w

Sr<0N-3r>3N3>—-—x& -3z —1.




1 marks

4 marks

1 mark

Standard home-
work exercise
6 marks in total

5. To start the induction, 23 = 8 < 16 = 42 So n® < 4™ holds for n = 2.
Now suppose inductively that n® < 4™ for some n € N with n > 2. Then

3 3 1 ’ 3 3 ’ 27 3 3 1
m+1)P=n’{1+=) <n’(Z) ==n<4n’® <4x4"=4""
n 2 8
Soif n € Nand n > 2 then n® < 4" = (n+1)3 < 4"+, So by induction
n3 < 4" for all n € N with n > 2.

Forn =0 wehave 0° =0 < 1 =4% and for n = 1 we have 13 = 1 <
41 =4,

4 marks

1 mark
1 mark
1 mark

2 marks
Standard home-
work exercise

9 marks in total

6.
1 0567 Rl;RQ 1 —1/180 N 1 —1/180
0 11387 0 11387 Ry — 2Ry -2 3127
= __>6R2 13 —19|18 . 13 —19(18
-2 3 127 Ry — Ry -15 2219
= __>2R2 43 —63|0
—-15 2219
As a result of this:
(i) the g.c.d. dis 9;
(ii) from the first row of the last matrix, » = 63 and s = 43,;
(iii) from the second row of either of the last two matrices m = —15 and

n = 22;
(iv) The lem is 567 x 43 = 24381.




2 marks
3 marks

3 marks

2 marks

Standard theory
followed by stan-
dard homework
exercises

10 marks in total

7 f: X =Y is injective if Va1, xo € X, f(21) = f(z2 & 1 = x9.

The image of f, Im(f) is {f(x) : x € X}. f is a bijection if f is injective
and Im(f) =Y, that is, f is also surjective

a) Since f is strictly decreasing on [0, 00), it is injective. We have f(0) =
1 and limg_so0 ﬁ =0 So Im(f) = (0,1].

b) 2cos(x) = 2cos(—z) for all z € R. So f is not injective and
f([=n/2,7/2]) = f([0,7/2]). On [0,7/2], f is strictly decreasing, with
f(0) =2 and f(7r/2) =0. So Im(f) = 0,2].

Standard theory
2 marks

Nothing set quite
like this

4 marks

6 marks in total

8. |A1 UA2| = |A1’ + |A2| — |A1 N A2|

(i) Let A; denote the set of companies offering holidays in New York
and Ao the set of companies offering holidays in Florida. Then 15 =
|A1|+ |A2| — 8, and |A1]| = |A2|+ 3. Then 2|A5| = 20 and |A2| = 10 and
|A1] = 13.




Theory from lec-
tures
3 marks

Standard home-
work exercise
2 marks

Standard home-

work exercise
4 marks

2 marks

Unseen
4 marks

Section B

9. ~ is reflexive if
z~avre X

~ is symmetric if
r~y = y~zxzVaz yeX.
~ is transitive if

(r~yANy~z) = x~zVa, y z€X.

(i)Ifzx=1landy=0thez,ye Randz—y=1>0and so z ~ vy,
but y —z < 0 so it is not true that y ~ x and so ~is not an equivalence
relation.

(ii)For any x € X we have z/x = 1 > 0, so x ~ x. Therefore ~ is
reflexive.
If 2 ~ y then z/y > 0 and hence y/z = (z/y) ' >0. Sox ~y=>y~=x
and ~ is symmetric.
If 2 ~yand y ~ z then z/y > 0 and y/z > 0, and hence z/z =
(x/y) - (y/z) > 0 and = ~ z. So ~ is transitive and is an equivalence
relation.
There are two equivalence classes: (0,00) and (—o00,0) because for z,
ye X,

z/y>0&(x>0Ay>0)V(z<0Ay<O0)

(iii) If z € R and = # 0 then (x,z) = z(1,z/z) ~ (1,z/x). Also
(Lyr) ~ (L,y2) & (L,y1) = (M Aye) © A = 1Ay = y2. So for each
y € R, (1,y) is in a different equivalence class, and (z, z) is in the same
equivalence class as (1, z/xz) provided  # 0. If x = 0 and z # 0 then
(0,2z) = 2(0,1). So the last equivalence class is that of (0, 1).



Standard

(harder)  home-
work exercise

4 marks

Calculation
2 marks

Some similarities
with exercises set
4 marks

Standard home-
work problem on
induction.

5 marks

15 marks in total

10(i) . Base case % <zo=1. So % <z, < 1is true for n = 0.
Inductive step Now fix n € N and suppose that % < xp < 1. Then
% <22 <1 and

4 1

§+§<1+wn+w2§3

So )

1 1+z,+x, 3

3 <= —— < <L
Sof<ap, <1 = &<ap <L
So by induction § < @, < 1 holds for all n € N.

(i)

2 2 2 2
IT+zp+ap —1—xn— 25 Tpt1 — Tn + Ty — Ty
Tn42—Tnt+1 = 4 = 4

_ (1 + 2 + Znt1) (Tnt1 — Tn)
4

We have x1 = % < g and hence z1 — zg < 0. Since x, > % for all n, we
have 1+a,+xpr1 > 0foralln € N. Soxpi1—2n, < 0= 2pi0—Tpe1 <0
and since the base case n = 0 holds, we have x,,41 —x, < 0 foralln <N
and x, is a decreasing sequence.

(iii) Base case

4

3 1
r1—20|=|1——-| =
i
So the required upper bound on |z,4+1 — 2| holds for n = 0.

Inductive step Now suppose that the required upper bound holds on
|Zp+1 — xn|. Then we use the formula for |z,42 — x,41] at the start of

(ii). We also use the bounds 0 < z, <1 and 0 < 2,41 < 1 to deduce

1 + xp +$n+1

<3.
5 <3

Then from (ii) we have

_ |Zn+1 = Zn|(1 + Tn + Tny 3
|xn+2 - xn+l| = 4 < Z|xn+1 — In

3 /3\" 1 3\"! 1
<Z.0Z) .Z2=(Z2 R
=4 \4 4 4 4

So the upper bound for |z,,+1 — x| implies the upper bound for
|Zp+2 — Tpy1], and by induction we have

1 /3\"
—1
4

for all n € N.



Theory from lec-
tures
5 marks

1 mark

Similar to home-
work exercises

1 mark

1 mark

2 marks

Theory from lec-
tures, but basi-
cally unseen: not
expected to re-
peat from mem-
ory.

5 marks

15 marks in total

11. A set A C Q is a Dedekind cut if
(i) A is nonempty, and bounded above,
(i) re ANyeQAry<z=yecA

(iii) A does not have a maximal element.

A Dedekind cut A is rational if it is of the form {x € Q : x < ¢} for
some ¢ € Q. This is the Dedekind cut representing q.

a)If {r € Q: —2 <z < 3} then —2 ¢ A and —1 € A, which violates
property (ii), and A is not a Dedekind cut.

(b) If A= {z € Q: 2z > i} then A is not bounded above — because
Zy C A, for example — which violates property (i), and A is not a
Dedekind cut.

c)
A={2€Q:2+22+3<0}={z€Q: (z+1)*+2<0} =0.

So A =), and property (i) is violated, and A is not a Dedekind cut .

Let A be a Dedekind cut, and define
B={-z:2€QAx ¢ A}

B # () because —x € B for any z € Q \ A. There is at least one such x
because A is bounded above.

If y € B and z € A then z < —y because if —y < z then by property
(ii) for Awe have —y € A and —(—y) ¢ B. So for any z € A we have
y < —z for all y € B, and so B is bounded above by —z for any z € A.



Theory from lec-
tures
4 marks

Standard exam-
ples
4 marks

2 marks

Example from lec-
tures but not ex-
pected to be done
from memory.

5 marks

15 marks in total

12. A is finite if either A is empty, or, for some n € Z,, there is a
bijection f : {k € N: k < n} — A. For a fixed set A, there is at most
one n € Z4 for which such a bijection exists, and if there is such an n
then A is said to be of cardinality n. The empty set is said to be of
cardinality 0.

A is countable if either A is finite or there is a bijection f: N — A.

A is countable, B is uncountable, C' is countable and D is uncountable.

f(z) = e® will do, but of course there are many other examples. The
inverse function is In : (0, 00) — R.

Define g : N — Z by

n/2 if n is even,

g(n) = {—(n+ 1)/2 if n is odd.
Now
n/2=p<<n=2p,

and
—n+1)2=p&-n—-1=2pn=-2p—1.

So if we define h : Z — N by

_ 2pitp >0,
hip) = {—2p—1ifp<0,

then g(n) = p < h(p) = n and hence g(h(p)) = p for all p € Z and
h(g(n)) =n for all n € N.



