MATH105 Feedback and Solutions 7

1.
a) There is no inverse function because f is not a bijection: in fact f is neither injective nor surjective.

b) f71:[0,00) = (—00,0] is defined by f~1(z) = —/x
By convention, \/z means +/x. The codomain of f~' is (—00,0], so f~'(z) = —/=.

c)

1-2
Y= S yr+22y=1 & z2y=1-2y & == Y
xz+2 Y
1-2
So f~i(z) = :U.

2¢" =y & x=1In(y/2).
So f~(x) =In(z/2) =lnz —In2.

Marks were deducted if the inverse was not given explicitly,that is, if there was no statement such as “f ~*(z) =
In(z/2)”. Marks were also deducted for statements such as “f~'(z) = In(y/2)”. Both “f~'(z) = In(z/2)” and
“f=1(y) =1In(y/2)” are correct, however.

2. Let C, D and H be the sets of children owning cats, dogs and hamsters respectively. Then

|C|=|D| =15, |H|=10, |CUDUH|=22,

|ICND|=8, |CNH|=6, |DNH|=5.
a) By the Inclusion-Exclusion Principle for 3 sets,
22=154+154+10-8-6—-5+|CNDNH|
So the number of children in C'N D N H, that is, with all three pets, is 22 —40+19=1
b) This means that, using the Inclusion-Exclusion Principle for 2 sets,
IDN(CUH)|=[(DNCYU(DNH)|=|DNC|+|DNH|-|DNCNH|=54+8-1=12,

using (DNC)N(DNH)=DNCNH. So the number of children with just a dog is 15 — 12 = 3.

Alternatively, since all the pets are dogs, cats or hamsters, the number of children with just a dog is
IDUCUH|—|CUH|=|DUCUH|—-(|C|+|H|-|CNH|)=22—(154+10—6) =22 —25+6 = 3.
This method also uses the Inclusion-Exclusion Principle for 2 sets.

¢) Similarly
ICN(HUD)|=|CNH|+|CND|-|CNHND|=6+8—-1=13

So the number of children with a cat and one other pet is 13 and the number with just a cat is
15—-13=2.

Alternatively, the number of children with just a cat is

ICUDUH|—|CUH|=|CUDUH|—(|D|+|H|—|DNH|)=22—(15+10—5) =22 —25+5 = 2.



d) Similarly
|[HN(CUD)|=|HNC|+|HND|—-|HNCND|=6+5-1=10

So every child with a hamster also has either a cat of a dog and no child just has a hamster.

Alternatively, the number of children with just a hamster is

ICUDUH|—-|CUD|=|CUDUH|—-(|C|+|D|—|CND|)=22—(15+15—-8) =22—-30+8 = 2.

All the solutions shown here use the Inclusion-Exclusion Principle for two or three sets. I did require some
explanation of how formulas were derived for full marks, at least for the first calculation. It is possible to simply
draw the Venn diagram and solve the linear equations, and I saw a number of solutions that used aVenn diagram.
I accepted this if the diagram was clear and if it was clear what the numbers represented in each region. Be careful
to distinguish between a set like H (in this example, the set of children with hamsters) and the number of elements
in H, which is denoted by |H|

3.

a)
r€f(BUC)s f(zx)e BUC & fIz)e BV f(z) e C = xc f~1(B)Uf(0).

So fTHBUC) = f~HB)UfHC)

b)
refYBNC)& f(x)e BNC <« f(x) e BAf(x)eC e axc fYB)nf10).

So fFHBUC) = fH(B)NfHC)

It is only when f is a bijection that the inverse function f~1 exists and that f~*(B) = {f~'(y) : v € B}. The
general definition f~*(B) = {x € X : f(x) € B} works for any function f : X — Y. Be careful to distinguish
between U and V, and between N and A. In both cases these pairs of symbols are related, but they are used in slightly
different ways. For example U means “the union of”(for sets ) and V' means “or”. So the set BUC, for example
, is the set of elements which are in B or C (possibly both), that is, BUC ={z:x € BVz € C}

4. Base case We have g = 1 and 12 < 3, so z,, > 1 and x% < 3 are true for n = 0.

Inductive step Now suppose that x, > 1 and a:% <3 . Thenz,>1=22,+3>2,+5>x,+20
2@, + 3

d h e S
and hence x,4+1 .12 =
Also
22, + 3\ 2 422 + 122, + 9 — 322 — 122, — 12 22 -3
22 —3=(=2"") _3=21 L n L =_n <0
ntl Ty + 2 (zn + 2) (z, +2)2
So

1<z A (22 <3)= (1 <zpy1) A (mi+1 <3)

So by induction 1 < x,, and 3:% < 3 for all n € N.
There are still some misconceptions on Induction in some quarters but I hope they are decreasing. Perserverance
18 what counts. Don’t give up, and you will get there. This was not the easiest example.

e The natural base case to take in this example is n = 0 since 1 <1 = x¢ and 1 = 22 < 3. It is not wrong to
take n =1 or 2 as base but it is more work and it is unnecessary.

o [ still saw some backwards working. the inductive step is assume that 1 < x,, and deduce that 1 < xp,41,
not the other way round.

o [ saw some confusion about notation that I could not quite figure out but it appeared that some people find
inductive definitions difficult. I saw some cases where people were working with o instead of 1. There
were also one or two where x,, was confused with n.



2x, +3
Tn +

e In order to deduce from 1 < x, that 1 < it is simplest to use 0 < x,, + 2 < 2z, + 3 — which is of
2x+3
course true, even if we just have x, > 0 (or even x,, > —1). It is possible to use the fact that T s an
x
increasing function and hence T, > 1= 11 > (2+3)/(14+2) =5/3. But I only accepted this method if it

was checked that 2v+3
x +

is an increasing function, for example by showing that

xr+2 T+ 2

2 1
x+372

and noting that

is decreasing.
T+

e In part b), to show that ac%_H < 3, the formula for x,41 is

2 (2, + 3)2 B 422 + 122, + 9
T (1, +2)2 T 22 4, 4+ 4

Don’t forget the cross terms!

I think you may have seen similar examples in MATH101, and lim, o , = v/3. The equation

B 2+ 3
T 42

has solutions T = ++/3 and we know that T, > 1 for all n. But this was not part of the question.

Solutions to Practice Problems

The inverse does not exist, because f is not surjective. In fact, since (as shown in lectures)

1\* 3
l+zt+a?=(z+=) +
2 4

Im(f) = [3/4,00).

This time
l+z+2* & 3 T : & 1+\/ 5
= T+ ——=\|z+Z rT=—= - =
y L 2 2 VY g

So f71:[3/4,00) — [~1/2,00) is defined by

We have
1

z+1

1
Yy = & yt+ty=1 & z=--1
Yy

from which we see that z > —1 <y > 0. So f~1: (0,00) — (=1, 00) does exist and is defined by

) = ; —1.

. Let P, C' and T denote the sets of plots growing, potatoes, courgettes and tomatoes respectively.



a) The inclusion-exclusion principle for three sets says that
|[IPUCUT|=|P|+|C|+|T|—|PNC|—|PNT|—|CNT|+|PNnCNT|,

that is
20=154+124+10-8—-7—-6+|PNCNT]

that is [P N C' N T| = 4, that is, 4 plots grow all 3 crops.
b) The set of plots growing only potatoes is P\ (C'UT) and
[P\ (CUT)|=|P|—|PNn(CUT)|.
Applying the inclusion-exclusion principle for two sets to the sets PN C and PN T, we have
IPN(CUT)|=|PNC|+|PNT|—|PNCNT|=8+T7—-4=11.
So |P\ (CUT)| =15 — 11 = 4, that is, there are 4 plots on which only potatoes are grown.
¢) Applying the inclusion-exclusion principle to the two sets PN C = C N P and C NT, we have
ICN(PUT)|=|CNP|+|CNT|—|CNPNT|=8+6—4=10.
So |C'\ (PUT) =12 —10 = 2, that is, there are two plots on which only courgettes are grown.
d) Applying the inclusion-exclusion principle to the two sets TN P = PNT and CNT =T NC, we have
TN(PUC)|=|TNP|+|TNC|-|TNPNC|=T7T+6—-4=09.

So [T\ (PUC)=10—9 =1, that is, there is one plot on which only tomatoes are grown.

7.
a) If y € f(f~1(B)) then y = f(x) for x such that f(z) € B, that is, y € B. So f(f~*(B)) C B
b) If z € A then f(x) € f(A) and hence z € f~1(f(A)), that is A C f=1(f(A)).

If B is not contained in Im(f) then B cannot be equal to f(f~(B)). For example if f : R — R is
defined by f(x) = 2% and B = R then f(f~%(B)) = f(R) = [0,00). Using this same f we can produce
a set A such that A # f1(f(A). If f(z1) = f(x2) and x1 € A then 2o € f~1(f(A)). So if we take
A = [0.00) we have f~(f(A)) = f1([0,00)) = R.

8. Base case We have g = 1 and 12 < 2, so z,, > 1 and x% < 2 are true for n = 0.

Inductive step Now suppose that x,, > 1 and x% <3. Thenz, >1=3z,+2>x,+4>2,+3>0
3x, + 2
> 1.

Ty +3

and hence x,41 =
Also

5 o_ <3xn+2>2:9x3+12xn+4—2z3—1zxn—18_ 722 — 14 “0

Tnt1 ™ o+ 3 (zn + 3)2 T (@nt32

So
(1< @) A (2h < 2) = (1< @ni1) A2y < 2)

So by induction 1 < z,, and 22 < 2 for all n € N.



Extra question

9.

) A=(A\(BUC))U(ANB\C)U(ANC\B)U(ANBNC).
B=(B\(AUC)U(BNA\C)U(BNC\A)UANBNO).
C=(C\(AUB)U(CNA\B)U(BNC\A)UANBNC).

AUBUC = (A\(BUQC))U(B\(AUC))U(C\ (AUB))U(ANB\C)U(ANC\ B)U(BNC\ A)U(ANBNC).

b) From these we obtain, since all the sets in each union are disjoint,

Al =75=]|A\ (BUC)|+|ANB\C|+|ANC\B|+|AnBnNC| (1)
|IB|=60=|B\ (AUC)|+|ANB\C|+|BNC\ A+ |ANnBNC| (2)
|IC]|=45=|C\ (AUB)|+|BNC\C|+|ANC\B|+|AnBNC| (3)
100=|4uBUc]= ﬁf\x (mBBU\CC)‘? |++1J430\c(< 1UB|C+)‘ 3 e VALY |)J4 nBNC )

Adding equations (1), (2) and (3) and then subtracting (4), we obtain
80=|ANB\C|+|ANC\B|+|BNC\ Al+2[AnBNC| (5)

From adding (1), (2) and (3) and rearranging, and using (5) we obtain

[AN(BUC)[+[B\ (AUC)[+|C\ (AU B)|

=180 —-2(|JANB\C|+|ANC\B|+|BNC\A|+2/ANnBNC|) +|AnBNC| (6)

=20+ |ANBNC|

The first line is the number of people speaking exactly one of English, Spanish or Swahili. From the
third line we see that maximising this number is the same as maximising |A N BN C|. But from (5)
we see that |[AN BN C| <40 and that if |AN BN C| = 40 then

(ANB\C)=(ANC\B)=(BNC\A) =(AnBnC)=0.
From (1) (2) and (3) we then obtain
IANBNC| =75—40 =35
1B\ (AUC)| = 60 — 40 = 20,
IC\(AUB)|=45=40=5

So the number of people speaking just English is 35, the number speaking just Spanish is 20 and the
number speaking just Swahili is 5. Altogether the number speaking just one language is 354+20+5 = 60.

75=|A|=|A\ (BUC)|+|AN(BUC),
BUC|=|(BUC)\ Al+|An (BUC),
100 = [AUBUC| =|A\ (BUC)|+ |(BUC)\ A|+|AN(BUC)| =75+ |(BUC)\ 4]

So
BuC|=25+|An(BUC)|,

So to maximise |A \ (B U C)| we have to minimize |B U C|. But |B U C| is minimised when C' C B,
that is, everyone who speaks Swahili also speaks Spanish, which means that

45/C) = BN O
60 = |B| = |BUC|

So nobody speaks just Swahili, 15 speak just Spanish, 15 speak English and one other language, and
60 speak just English.



