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a)

Solutions 11

2

< f 11n>1and
(n+1)2+1 1 oralln > 1 an

Since n? +1 < (n+1)* + 1 for all n > 1, we have

Tpi1 < x, for all m > 1. So x, is decreasing.

2 2

<
(m+1)24+1 n2+1
So this sequence x,, is increasing.

2
1—— f Hn>1.
M+1< m+DMJ(nan—

for allm > 1 we have 1 —

Since

We have 7, = n?> —=3n+1= (n—1)(n —2). So x; = x5 = 0 and for n > 2, the numbers
n — 1 and n — 2 are increasing with n and positive. So the product (n — 1)(n — 2) is postive
and increasing with n, and strictly positive for n > 3. Sop z,, < x,4; for all n > 1. in fact
Tp < Tpiq for all n > 2, and x,, is an increasing sequence.

1 1

for all
=30 ~1—gm F®

3" <3l foralln>land 1 —3""'<1—-3"<0foralln>1. So

n > 1 and this sequence z,, is increasing

1
Tyl — Ty = CE) > 050 o, < Tpy1 and x, is increasing. (Looking at the first few terms,
n !
x1:17x2:%7$3:§7x4:%-)
(_1)n+2

Tpil — Tp = W which is > 0 if n is even and < 0 if n is odd. So this sequence x,, is
n

neither increasing nor decreasing. Alternatively, we can just look at the first few terms. We
1 1 31

bave.ml :'1, To : 1— 1 = 1 anq r3=1— Z_l+§ = 36 > T So 9 < x3 < x7 and the sequence
is neither increasing nor decreasing.
1 L L ! 28 < < d th i ith
vy =1, 09 = —— = =, 3 = =—. Sox x r1 an e sequence is neither
1 y L2 111 9 3 1 +% 3 2 3 1 q

increasing nor decreasing.
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T1 = Ty — ——— — — €T =
1 3 2 1+1 27 3
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It seems reasonable to conjecture that x,, = % for all n > 1. This is certainly true for n = 1.

1
Suppose inductively that x,, = —. Then
n

Z 1 n 1
I‘n — —_ — . frg .
LR + % n n+1 n—+1
. L 1 .. .
So if true for n it is true for n + 1 and hence x, = — for all n > 1. This is a decreasing
n

sequence.



2.

a)

3.

1
This is a decreasing sequence of strictly positive numbers with x; = 3 So the sequence is

1
bounded above by 5 and below by 0.

This is an increasing sequence of numbers, all less than 1, with z; =. So the sequence is
bounded above by 1 and below by 0.

Since both n — 1 and n — 2 get arbitrarily large and positive as n — oo, the sequence z,,(n —
1)(n — 2) is not bounded above. However it is an increasing sequence and hence it is bounded
below by x; = 0.

1
This is an increasing sequence of negative numbers, bounded below by x; = —3 and above by

0.

Since k! is the product of 1 and k — 1 positive numbers which are all > 2, we have k! > 2+~1,

Hence
1 "1 1 1
x”:ZESZQkﬂz 27:2_2n—1<2
k=1 k=0

Since x,, is clearly positive for all n, the sequence is bounded above by 2 and below by 0.

We see that
(_1)n+2

Tpt1 — Tn = m (1)

which is < 0 if n is odd and > 0 if n is even. So x,.1 < x, if n is odd and > 0 if n is
even. Also from (1), it follows that 0 < x40 — Tpy1 < X, — Tpy1 Whenever n is odd, that is,
Tni1 < Tpio < x, whenever n is odd. Similarly x,, < z,12 < z,,1 whenever n is even. It

follows that the sequence x,, is bounded below by x5 = 1 and above by 1 = z;.

1
By induction z,, > 0 for all n because x; = 1 > 0 and if z,, > 0 then x,,; =

> 0. So
+x

0<l4x,foralln>1and z,;; <1foralln>1. Also, z; =1. So z, is boundednabove by
1 and below by 0

Using x, = % we see that z, is bounded above by 1 and below by 0. Alternatively, if one has
not noticed this, one can argue as follows:
Tn

By induction z,, > 0 for all n because r; = 1 > 0 and if z,, > 0 then z,; = n > 0. So
x

0<z,<l4x,foralln >1and x,,; <1 foralln > 1. Also, z; = 1. So z, isnbounded
above by 1 and below by 0

The sequences of 1a), 1b), 1d), le) and 1h) are all either increasing or decreasing, and bounded

(both above and below). By the Completeness Axiom, any bounded sequence of real numbers
which is either increasing, or decreasinf, has a limit in R.

The sequence in ¢) does not have a limit because it is not bounded and any sequence which

has a limit must be bounded.



4.
a)

It is shown above in the solution to question 2 that the sequence in 1f) satisfies z3, < T2,41 <
ZTon—1 for all n > 1.

We also saw in the solution to question 2 that for the sequence 1g), o < 23 < x7. Now we
prove by induction on n that s, < 9,11 < To,-1 for all n > 1. We know it is true for n = 1.
So now we assume it is true for n and prove if for n + 1. It suffices to show that

Ty < Ty = Tm+1 < Tn+1
because then
Ton < Topt1l < Top—1 = Top < Topt2 < Toptl = Tont2 < Tont3 < Topt1

which is what we need to prove. We know from the solution to 2 that x,, > 0 for all n

1 - 1
1+, 14+,

O<z, <axp=>1<l4z, <14z, =>Tn1= =Tp <1

which is what we needed to prove.

Since x,_1 is a decreasing sequence bounded below by x5, it has a real limit ¢; and since x5,
is an increasing sequence bounded above by z; it has a real limit limit /5.

In case 1f)
Ton—-1 — To2n = # = # (2)
So ]
i s~ = Jin =0

Given ¢ > 0 there exists N such that for all n > N

1
|Ton—1 — l1] <&, |way —lo| <&, |Tan_1 — T2y| = 2 <e.
So
|01 — L] < by — xop_1| + |Ton—1 — Ton| + |T2n — la] < 3e.
Since € can be taken as small as we like it follows that ¢; = /5 and hence for all n > N,
|zp, — 01| < e. So limy,_y00 T, = 4.
It is reasonable to expect that a limit ¢ would satisfy

1
Tr =
14+

which implies 22 — 2 — 1 = 0 and z = (1 4 v/5)/2. Since we know that 2, > 0 for all n, we
guess that the limit is (—1 ++/5)/2. This is true.



5.
a) x +— Inz maps (0,00) onto R and R is uncountable, so (0, 00) is uncountable.

b) x+— 1 —1 maps (0,1) ontoto (0,00). If we define

L _1ifz€(0,1),
f(x){lifx:00r1

then f maps [0, 1] onto (0,00) which is uncountable by a) and hence [0, 1] is uncountable.
c¢) Since Q itself is countable, any subset is also countable and in particular QN [0, 1] is countable.

d) Since the set of all integers is countable the subset of even integers is countable. It is also easy
to construct a bijection f from Z, onto the set of even integers by

n if n is even
f<n)_{1—nifnisodd

6. The map
((ala e 6Ln—l)» an) = (ala e an)
is a bijection between A" ! x A and A". So A" ! x A is countable < A" is countable.
Al = A is countable. Assume inductively that A" is countable. Then putting B = A",

B x A= A" x A is countable and hence A"+, which is bijective to A” x A, is countable. Hence
A" is countable for all n.

7. Suppose that X = {(a,) : a, € AVn € Z, } is countable. then there is a bijection f : Z; — X.
Write f(n) = (amn). Choose a sequence (a,,) so that a,, # Gmm for each m. This is possible
because A has at least two elements and therefore we can always choose a,, € A\ {a@m}. Since
an # apn, for each n € Z, (a,,) # f(m) for each m € Z,. But (a,) € X and hence f is not
surjective. This is a contradiction, because f is a bijection.

8.
1. Ifz =3 — /2, then 22 = (3 — v/2)? = 11 — 6y/2 and so 2> — 62 + 7 = 0
2 foe=+v3—1thenz?2=4—2V3andso 22 +2x—2=10
3. If 2 =3 — V2 then 22 = 5 — 2¢/6 and so 2% = 49 — 20+/6 and 2* — 1022 +1 = 0.



