MATH105 Problem Sheet 8: Equivalence relations and rational
numbers

This homework is not for handing in. Please try all the questions on the sheet. It would be a
good idea if you tried to do questions 1 to 4 without the help provided by them. Please write out
your answers to questions 1 to 4 properly and keep them safe. Writing clearly and correctly is
an important part of doing mathematics. Solutions to all problems will be provided the following
week.

1. Determine which of the following relations ~ are equivalence relations on the set X. For any
which are equivalence relations, determine all the equivalence classes.

a) X =Z, and ~ is defined by m ~ n < 10|(m — n).
b) X =7Z,and m ~n < mn=1.

¢) X =Z and m ~ n < there is an integer k > 2 depending on m and n such that k?|(m — n).

2. Let Y be a nonempty finite set and let X = 2Y, the set of subsets of Y. Let ~ be defined on
X by A~ B < |A| = |B|

a) Show that ~ is an equivalence relation on X.
b) In the special case Y = {1, 2, 3,4}, write down all the equivalence classes of ~.

c¢) In the general case |Y| = n for n € Z,, determine how many equivalence classes of ~ there
are, and how many elements of X there are in each equivalence class. (Caution: the number
of elements in different equivalence classes is not usually the same.)

a) Find the least possible n € Z, such that { : r € Z} contains {% ck€Z,me {4,15,35}}.

b) For n as in a), find a, b, ¢ € Z where

Hint. Write n = 4 x n; = 15 X no = 35 X n3 and then find a, b, ¢ € Z such that 1 =
ani + bng 4+ cng. Since n; = dm; and ne = dmy where d is the g.c.d. of ny and ny and d and
ng are coprime, this is equivalent to finding a1, b1, as and bs € Z such that

aimi + bimse = aod + bang = 1.

Since m1, msy and n3 are not large, you can probably do this by inspection.

4. Assuming that v/2 is not rational, show that:

1 2
a) 3 + 5\/5 is not rational;

b) a + byv/2 is not rational, for any a, b € Q with b # 0;

¢) 2% is not rational, where this is defined to be the real number = > 0 with z* = 2.

5. Determine which of the following relations ~ are equivalence relations on the set X.

a) X =R, and ~isdefined by z ~y <z —y € Z.



b) X=R,andez~y < z—yeN.

¢c) X=Zyandm~n<< m/nel,

6. Let X denote the set of all vectors (m,n) with m, n € Z. Show that ~ is an equivalence
relation where ~ is defined by

(ml,nl) ~ (m2,n2) Smi—mg €ZAng —ng € 7.

Write down a representative of each equivalence class. (There are only finitely many.)

7.
a) Find the least possible n € Zy such that {Z :r € Z} contains {£ : k € Z,m € {11,15,35}}.
b) For n as in a), find a, b, ¢ € Z where

1_ae b ¢
n 11 15 35

Hint. n = l.c.m(11,n;) where n; = l.c.m.(15,35). So one possibility is to find b; and ¢; such
that

b a1

15 35 my
and then find ¢ and e such that

a e 1

11 n

Then we can take b = bie and ¢ = cye.

8. Assuming that v/3 is not rational, show that:
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a) = + Z\/§ is not rational;

b) a + b\/3 is not rational, for any a, b € Q with b # 0;

¢) 3'/6 is not rational, where this is defined to be the real number = > 0 with z* = 3.

9. Let z, be defined for n € N by zg = 1 = 2 and 41 = 22, + 32,1 for n > 1. Prove by
induction on n that x,, = 3" 4+ (—1)" for all n € N.

Hint. This is one of the ones where there are two base cases to verify, for n = 0 and n = 1, and
then the inductive hypothesis is that 2j, = 3% + (—1)* for all k < n. This is because this is needed
for at least k =n — 1 and k = n in order to prove it for k =n + 1.



