All questions are similar to homework problems.

MATH102 Solutions September 2007
Section A

1. The Taylor series of

is

This can also be worked out by computing all derivatives of f at z = 3.
[3 marks]
a) When x = 0 the series is not convergent.
[1 mark]
b) When z = 4 the series is convergent (to f(4) = 1).
[1 mark]
No explanation is required in a) or b).
5 =3+ 141 marks

2(i) Separating the variables, we have

/eydy = /xde,

3
g‘f—C.

e¥ =
Putting x = 1 and y = 0 gives

1
1=-+C
3+

| 3 42
= 1n .
Y 3

It is acceptable to leave the answer in the form e = (2% + 3)/3.
2(ii) Using the integrating factor method, putting the equation in standard form,
we have

or C = 2. So we obtain

dy 2 _3

dr 77 T &
The integrating factor is

exp (/(2/x)dm> = e2lne = g2



So the equation becomes

d

d—(yazz) =3z

Integrating gives
3
2’y = /3arda: = 5332 +C
So the general solution is
3
Yy = 5 + C;L'_2

3 marks for (i) 5 marks for (ii).
[8 marks]

3. Try y = e"z. Then
r?—4r+3=0=>(r+3)(r+1)=0=r=-3orr=-1.

So the general solution is

[2 marks]
So y' = —3A4e 3% + —Be ® and the initial conditions y(0) = 2, y'(0) = 1
give

A+B =2, —3A—B=1=>—2A=3,B=2—A:>A=—gaB:g.
So )
___ —3x —T
=T Ty
[3 marks]
[2 + 3 = 5 marks]
4. We have -
; ry + 227 227 )
———— = lim — =
(2,9)—=(0,0),y=0 2 + xy + y> =0 x> ’
22
h Tyt L0

(2,9)—(0,0),2=0 T2 + Yy + y2 =0y

So the limits along two different lines as (z,y) — (0,0) are different, and the
overall limit does not exist.
[4 marks]



of

B 1222y — 4y3,

—= =4a® — 12237,

so that these last two are equal, and

o’ f

So we also have o 52
o7 0 _y,
ox2  Oy?

as required.[5 marks]

6. We have
of
ox

0
or _ 2yz — zzsin(zyz),

Oy

of
0z

= —yzsin(zyz),

=y? — zysin(zyz)

[3 marks]
By the Chain Rule,
ar _ofde ofdy  0fd:
dt Oz dt Oydt 0Ozdt

So
dr, ~ Of of of
E(O)_%(27_170)4-@(27_170)_5(27_170)
=0+0-1=-1.
[2 marks]
[3 + 2 = 5 marks]
7. For ot
r+y+z
f(mayaz):m



we have

1 2e(z+y+2) \.
Viey z) = <w2 +y2+22 (22 4+ y2 + 22)? '

+< 1 2y(m+y+z)>.+< 1 2Z(w+y+Z)>k

w2 +y?+22 (22 +y? +22)?

w2 +y?+22 (22 +y? +22)?
So

Vi(1,1,1) = (% _ g) (+j+k) = —%(i+j +K).

3 marks
The derivative of f in the direction i — 2j — 2k is

VFL,1,1).i-2-2k) 1 -3 1

VIT(2Pi(2? 33§

[2 marks]
[3 4+ 2 = 5 marks.]

8. For
flz,y) = 2% + xy® — 4oy — 5z,
we have 9 9
of =2r+y’ —4y—5 of = 2xy — 4.
Ox oy
[2 marks]

So at a stationary point,
20 +y? —dy—5=22(y—2)=0

< (z,y) =(9/2,2) or (0,—1) or (0,5).
[2 marks]

o’ f o0 f
A= 522 =2, B_ayax =2y—4,C = Y = 2z.
For (z,y) = (9/2,2) A=2,B=0and C =9. So AC — B> >0 A > 0 and
(9/2,2) is a local minimum.
For (z,y) = (0,—1), we have A =2, B= -6, C = 0. So AC — B? <0, and
(0,—1) is a saddle.
For (z,y) = (0,5), we have A =2, B =6, C = 0. So AC — B? <0, and
(0,5) is again a saddle.
[4 marks]
[2 4 2+ 4 = 8 marks]

o*f

9. For
f(z,y) =

202 — y2’



we have

of —4z g B 2y
or = @ =P 0y -
So
_, Of _ ., of
f(]-7 ]-) - ]-7 %(17 ]-) - 47 6]/ (1 1) 2.

So the linear approximation is
1-4(z—1)+2(y —1).
[It would be acceptable to realise that
fly) =0+4@-D)+2-1)"-20¢-1) - (-1,
=(l+4@-D-20-)+2-1"- (-1,

and to expand out.]
[4 marks]

10. The domain of integration is the triangle as shown
Y

1,1
This integral can be written as / / dydx or / / dzdy. So we have

/ / cos(y/x)dxdy —/ / cos(y/x)dxdy

= /0 [ sin(y/z)])=5 dz = /0 z(sin1)dz

99l
1
= {(sin 1)$—} =2
2 Jo

2
[6 marks]



Section B

11. (i)
P = 300, )= 2=, 1O = Sa- g
) = 11—065(1 —y) 72, fO(y) = %(1 _ )12,

[4 marks] So

1 f0) 3 f®0) 15 5 fH0) 35

! —
f(o)_2’ 21 T 8§’ 31 48 16’ 24 128°

So the fourth Taylor polynomial of f at 0 is

[4 marks
Putting y = 22, the ninth Taylor polynomial of g at 0 has only even terms,
and so is the same as the eighth Taylor polynomial, and is obtained by putting
y = 2 in the above, so that it is
1 3 5 35
1 ~ a2 2.4 < .6 oY 8'
+2x +8:C +16x +128$
[2 marks]
Integrating, the tenth Taylor polynomial of h(x) = sin () at 0 is
15 3 5 5 - 35
TS TR Tmt Tamt
[2 marks]
(ii) We have Now

FO) 0y 315 /2
Ry(y,0) = 5|( )y T= 1280~ ¢ M
for some ¢ between 0 and y. Since ¢ < 3, 1—¢> §and (1—¢) ''/? <
(4/3)'1/2. So
945 4112 O 63 41172
9,9) < 553 311729 = 256301727
[3 marks]
[44 442+ 2+ 3 =15 marks]

12. For the complementary solution in both cases, if we try y = e we need

r?4+4r—5=(r+5)(r—1)=0,



that is, » = —5 or 1. So the complementary solution is Ae>* + Be®.
[3 marks]
(i) We try y, = Ce™®. Then y, = —Ce™® and y, = Ce™". So y, + 4y, — 5yp =
—8C. So C'= -3 So the general solution is
-5z T 1 T
y=Ae > + Be® — 3¢
[2 marks]

This gives
y' = —5Ae’® + Be® + fracl2e®.

So putting z = 0, the boundary conditions give
1 1 3 1
So the solution is

1
Yy = 56_596 +e* — Ee_x.

[3 marks]
(ii) We try y, = Cz? + Dz + E. Then Yp(r) =2Cz + D and y,) = 2C. So

yy + 4y, — 5y, = (2C + 4D — 5E) + x(8C — 5D) — 5Ca* = —5a” + 3z + 1.
Comparing coefficients, we obtain
—5C =-5, 8C -5D =3, 20+4D —5E =1.

So

So the general solution is
Ae™™ + Be® +2® +x + 1.
[4 marks] This gives
y'(z) = —5Ae " + Be® + 2z + 1.

So putting = 0, the boundary conditions giveB=

1 1
A+B+1=1, —5A+B+1=-15A=-B, 6A=—2=A=—3, B=.
So
y:—le_5w+lex+x2+x+1
3 3 ’
[3 marks]

[3+2+3+4+ 3 =15 marks]



13a)
We have
Vf=yi+ (z—1)j
Vg = 2zi + 6yj.

[2 marks]
At a stationary point of f we have

y=z—1=0= (z,y) = (1,0).

This is in the set where g(z,y) < 3. (The point is easily seen to be a saddle and
so cannot be a maximum of minimum of f on the set where g < 6, but we shall
not use this.)
[2 marks]

At a stationary point of f on g = 3, we have Vf = Ag, that is,

y=2z)\, z—1=6y\= 3y’ —2(z—1)=0.
On g = 3, we have 3y*? =3 — 22, so
227+ +3=(3-22)(1+z)=0.

Soxz=—-lorz= % So the stationary points of f restricted to g = 3 are

(-1,£+/2/3), (;%)

[6 marks]
Now we check the values of f at all these points. We have

f(].,O) =0, f(_17 \/%) = _2\/m: f(_la_\/%) = 2\/%7

31 1 3 1 1
f(w):z’ f<§7‘§>=‘1-

So the minimum value is —24/2/3 achieved at (—1,+/2/3) and the maximum
value is 24/2/3, achieved at (—1, —/2/3).
[5 marks]

24246+ 5 =15 marks.]



14a).The region R is as shown.

y

The weight W is

1 patl 1 271
1
/ / xdydx :/ xdxr = {x—] =—.
0 T 0 2 0 2

[5 marks]
14b) Then
1 1 xr+1 )
T=— x dydx
v, )
1
:2/133%13;:2 @1 _2
0 31, 3
[5 marks]
1 1 z+1
Y= W/ / zydydx
0 T
1 y2 z+1 1
:2/ x {—] dx :/ (22° + z)dx
0 2], 0
_ [247 i . 7
13 2, 6
50 27
[5 marks]

[3 x 5 = 15 marks.]



