MATH102 Solutions September 2005
Section A

1. The Taylor series of f(x) = 2% is

422 828 X, ongn
1+2$+T+?+"'=T§ T

This can be written down using the Taylor series of e¥ at 0 with y = 2z, and
can also be worked out directly by computing all derivatives of f at x = 0.
[3 marks]
a) When z = 1 the series is convergent and equal to f(1).
[1 mark]
b) When z = 100 the series is also convergent and equal to f(100). In fact the
Taylor series is convergent nd equal to f(z) = e2® for all =
[1 mark]
No explanation is required in a) or b).
5 =3+ 141 marks

2 Separating the variables, we have

/ydy: —/a:da:,

12 2

Sy = C
Sy 2’ +C,
or

y? + 22 =2C.

[2 marks]
The solution curves are circles centred on the origin of radius v 2C, for any

C > 0, as shown.
Y

ZN\W
N

[3 marks]

For a solution with y(1) = 1 we have 1 + 1 = 2(C, that is 2C = 2. So the
solution satisfies 2 + y2 = 2. For y as a function of =, we have y = v/2 — 22,
taking positive square root, since y(1) =1 > 0.



[1 mark]
[2+ 3 + 1 = 6 marks]

3. Try y = €"z. Then
r?—4=0=r==+2
So the general solution is

y = Ae®® + Be %,

[2 marks]
So y' = 2A4e?® — 2Be~2% and the initial conditions y(0) = 1, y'(0) = —1 give

A+B=1, 2A-2B=-1—4A4A=1, A:l—B#A:%,B:Z.
So ) 5
— 2z Y 2z
y—4e +4e .
[3 marks]

2 + 3 = 5 marks

4. We take limits along the lines y = 0 and z = 0. We have:

2 +y? . z?
im ——— =1lim— =1,
y=0,2—0 £2 + 2y2 20 2
24y P 1
w=01,r1§1—>0 22 + 2y

So we get different limits along different lines of approach, and the overall limit
does not exist.

[4 marks]
5.
of 1 222y’ —a?
or  z2 + yz (3;2 + yz)z - (x2 + y2)27
of _ __ 2my
dy (2 +y?)?*
[2 marks ]
82_]‘ 2 4z (y? — 2?)
ox2 (.7:2 +y2)2 ($2 +y2)3
_ 223 — 6xy?
- (wz + y2)3 .
0%f -2z 8xy?

%~ @A @ty



_ —22° + 62y’

T @+ y2)3
So )
or 9 _
ox? = oy2 7
as required.
[4 marks]
[2 4+ 4 = 6 marks.]
6. By the Chain Rule,
of _OF oF
%({E,y) - %(’U/,’U) + %(U,U),
of _OF oF
G (@) = G(w0) = G (o),
50 0*f O°’F 0’F 0*F 0’F
32 = 3w Y T 5o5u ™) ¥ Buge ) F gm0
0%f O°F 0’F 0*F 0*F
3t = 3ur ™) " Bou ™) T gude V) T B Y);
and so oy 5 f 2R PR
@(x,y) + a—yg(xay) =2 (W(uav) + W(U,U)) ;
as required.
[6 marks]
7. For
f(z,y,2) = $y2 + ?/3'2 — 2zyz,
we have

Vi(@,y,2) = (v — 292)i+ 2y + 2° — 222)j + (2yz — 20y)k

[2 marks] So
V/(1,2,1) = 3j.

The tangent plane at (1,2,1) is
3(y—2)=3y—6=0.

[3 marks]
[3 4+ 2 = 5 marks.]

8. For
flz,y) = 22% — 227y + 97,



we have of of
— =4z —4 —= = —22° + 2.
[2 marks]

So at a stationary point,
z(l—y) =0=22°4+2y =2z =y—0or (y=1and 2° = 1) = (z,y) = (0,0) or (1,1) or (—1,1).
[2 marks]

0% f 0% f 0% f

For (z,y) = (0,0) we have A=4 >0, B=0,C =2 and AC — B2 =8> 0.
So (0,0) is a minimum.

For (z,y) = (£1,1)) A=0, B=+4,C =2. So AC — B> = —-16 < 0, and
both these points are saddles.
[4 marks]

[2 4+ 2 + 4 = 8 marks]

9. For )
f(il?ay)=$_—yz;
we have
of . -1 of 2%y
Oz (z—y2)?" dy (z-y?)?*
So

1 Yoy =1 o=
f(271) =1, %(251) = -1, 6]] (271) =2.

So the linear approximation is
1—(z—2)+2(y—1).
[It would be acceptable to realise that
fay) =1+ (@@—-2) -2y —1) — (y— 1)*)"
— 1+ (@—-2)-2y—1) - (y— 1))
and to expand out.]
[4 marks]
10.

1 40
/ / 2?dydx = / / z?dydx
R —1Jz2-1
1 1

= /71 [m2y]22_1 dr = [1($2 —z')dz



[6 marks]
Section B

11. (i) We have f¥)(z) = (-1

F¥(0) = 0 and f2*+1)(0) = (=1)*. So:

a) Py(z) = 2 — §2® and Ry(z) = 32° cosc for some ¢ between 0 and z.
b) For any k > 1

x

Py () = Z(—l)rma Ryp(z) = (-1) kT cosc
=0

k—1 2741 2k+1
k m

for some ¢ between 0 and z.
[6 marks]
Since |cosc| < 1 for all ¢, and cosc > 0 for ¢ € [0, 7] we have

x° x°
0 < Ry(z) < @cosc < 190°
So, since sinx = Py(z) + R4(z),
3 3 5
x—%ﬁsinxﬁm—%—kl%).

If in addition 0 < £ < 1 then 2% < 23 and so

3 3
T 19z
r—— <ginz <x— .
6 — - 120
[3 marks]
(i) Using the Taylor series of sinz at 0:
a)
3 5 3 5
. r—sinz m_(x_%+1m‘%"') N S v R
lim = lim = lim
z—0 .7:3 z—0 .733 z—0 :133
1 z2
______ ]_
=1 120 — =
250 6
[3 marks]
b)
. 1 1 . sinx —=x
lim { — — — = lim ——
z—0 \x sinz z—=0 zsinz
$3 xr
—_— + . —
=lim —%—— =1lim —8%,— =0.
w—)OmQ_%... z—0 ] — Z=

Yesing and fR(z) = (=1)* cosa.
k

So



[3 marks]
[6 + 3+ 3+ 3 = 15 marks.]

12. For the complementary solution in both cases, if we try y = €™ we need
r24+1=0,

that is, r = +i. So e*™® is a complementary solution and in general form the
complementary solution can be written A cosx + B sin x.

[3 marks]

(i). We try We try y, = Cz + D. Then y (z) = C and y, = 0. So y, +y, =
Cr+ D =x. SoC =1and D =0 So the general solution is

y = Acosz + Bsin+z

[3 marks]
This gives
y'(r) = —Asinz + Bcosz + 1

So y(0) =1, y'(0) = —1 give

so B=—-2and A =1 and
y =cosx — 2sinz + .

[3 marks]
(ii) We try yp, = Ce™. Theny, = —Ce™" and y,, = Ce™. So y, +y, = 2Ce™".
So C' = 1. So the general solution is

T

y=Acosz + Bsinx + e~

[3 marks]
This gives

y' = Asinz + Bcosz — e ”.

So putting 2 = 0 the boundary conditions give
A+1=1, B-1=-1 = A=B=0.
So the solution is
[3 marks]
[6 x 3 = 15 marks]

13. For
flx,y) =2° +32%y — 3%, g(z,y) = 22° + ¢,

Vf =2z + 6zy)i+ (322 — 2y)j



Vg = 4xi + 2yj.

[2 marks]
At a stationary point of f, we have

22(1+ 3y) = 32> — 2y = 0.

2

—%, so thera

Soz=0o0ry=—3. Ifz=0theny =0. Ify = —1 then 2? =
rae no solutions. So the only stationary point in g < 1 is (0, 0).
[4 marks]

At a maximum or minimum on the set where g = 1, we must have Vf = AVg.
that is

2z + 6zy = 4\z, 32° — 2y = 2)\y.

[1 mark]

The first equation gives x = 0 or 1+ 3y = 2A. If = 0 then the equation
g=1gives y> =1 and y = £1.

If 2\ = 1 + 3y, then plugging into the second equation gives

322 — 2y = y(1 + 3y)
So multiplying by 2 and replacing 222 by 1 — y? gives
3 —3y? — 4y = 2y + 6y
So
9y® + 6y —3 =33y —1)(y+1) =0.

Soy=—-lory= % and using g = 1 gives

21
= (0,-1 +-,- .

@ =0.-Dor (+3,3)
So altogether the points on g = 1 which can be maxima or minima of f on g <1
are -

0,0 0,-1 t-,-].

0.0 or @-1) o (+3,5)
[6 marks]

We have
£0,00=0, 70,~1) = -1, f(=2, 1) =7
) - ? 7 - ? 37 3 - 9'

So the minimum value of f in g < 1is —1, realised at (0, —1), and the maximum
is Z, realised at (+Z, 1).
[2 marks.]
[24+4+1+6+2=15marks.]
14. The line £ 4+ y = 1 meets the y-axis x = 0 at y = 1 and the z-axis y =0 at
z = 1. So the mass is given by

1 pl—y 1
M =/ / ydady :/ (y — y*)dy
0 0 0



[5 marks]
Then the centre of mass is (Z,y) where

1 1 l—y
T=— y/ zdzdy =
v,

[6 marks]

So the centre of mass is

[5 marks]
[65+4 5+ 5 = 15 marks]

6

2

/Ol(y—2y



