All questions are similar to homework problems.

MATH102 Solutions May 2007
Section A

1. The Taylor series of
f@)=27t=2+(@-2)"' =271+ (z-2)/2)"}
is

2 4 8 16

1 z-2 (r—2)? (x—2)3___=i(_1)n(x—2)"_

This can also be worked out by computing all derivatives of f at z = 2.
[3 marks]
a) When x = 1 the series is convergent.
[1 mark]
b) When z = 4 the series is not convergent.
[1 mark]
No explanation is required in a) or b).
5=3+1+1 marks

2(i) Separating the variables, we have

/eydyz /xdx,

2

¥=—+C.
e 2 +
Putting x =1 and y = 0 gives

1
1==
5+C

1 22 +1
y= )

It is acceptable to leave the answer in the form e¥ = (2 + 1)/2.
2(ii) In standard form, the equation becomes

or C' = }. So we obtain

dy 2
4+ —y=1.
d$+my

Using the integrating factor method, the integrating factor is

exp ( / (2/:v)da:> ey



So the equation becomes

Integrating gives

x
=-4+Cz?
y 3+ z
Putting y(1) = 0 gives C = —% and
z 1 _,
v=3 g0

3 marks for (i) 5 marks for (ii).
[8 marks]

3. Try y = €"®. Then
P —4r+3=0=>(r-3)(r—-1)=0=>r=3o0orr=1.
So the general solution is

y = Ae3® + Be®.

[2 marks]
So y' = 34e3® + Be® and the initial conditions y(0) = 2, y'(0) = 1 give
1
A+B=2 3A+B=1=224A=-1,B=2-A=A=——, B:g.
So 1 5
_ _ -3z Yz
Y= 26 + 26 .
[3 marks]
[2 + 3 = 5 marks]
4. We have 0
lim Y = lim — =0,
(2,9)—(0,0),y=0 2 + zy + y> -0 x2
Ty Loz 1

hm — = = l1im — = —.
(2,5)—=(0,0),y=z > + 2y + y> 20322 3
So the limits along two different lines as (z,y) — (0,0) are different, and the
overall limit does not exist.
[4 marks]

5.
of

=473 — 129>
6.%' y?



8—f = 493 — 1227y,
Oy
o’ f 2 2
—= =12z° — 12
w2 Yy,
o’ f
—24
OyOx Y
0% f
=-24
ordy vy
so that these last two are equal, and
o*f 2 2
So we also have o2 52
_f + _f = 0'
ox2 = Oy?
as required.[5 marks]
6. We have
of _ 2zy + yz cos(zyz)
or yry Yz),
0
6—; = % + xz cos(zyz),
5, =W cos(zyz)
[3 marks]

By the Chain Rule,

dF _ofdr , 0fdy , 0f d>
dt ~ Oxdt Oydt Ozdt

So
dF . of of o1
70 = 7,210+ 5.(2,-1,0 - 55(2,-1,0)
[2 marks)]
[3 4+ 2 = 5 marks]
7. For TYz
ey = s ere
we have 2
B yz B 2x°yz .
Vf(x,y,Z)— <x2+y2+z2 ($2+y2+22)2)1



. xz 2xy22 . zy 2xy2?
1.2 +y2 +22 (.Z'2 +y2 +2’2)2 J 32'2 +y2 +22 (1'2 +y2 +z2)2
So

Vi(1,1,1) = (% _ g) (+j+k) = %(i+j+k).

3 marks
The derivative of f in the direction i — 2j — 2k is

Vf(1,1,1).(i-2j - 2k)
V14 (—2)% + (-2)2

1 -3 1
= - X — = ——,
9 3 9

[2 marks]
[3 4+ 2 = 5 marks.]

8. For
f(z,y) = 2y — 2zy +y* — 15y,
we have 5 5
of =22y — 2y of =2? — 22+ 2y — 15.
ox oy
[2 marks]

So at a stationary point,
2y(x —1)=0=2>—-22+2y—15

& (z,y) = (1,8) or (—3,0) or (5,0).
[2 marks]

2 2
PR APV S SV o S RS
Ox? x

For (z,y) = (1,8), A=16, B=0and C =2. So AC-B?=32>0A4>0
and (1,8) is a local minimum.

For (z,y) = (=3,0), we have A =0, B= -8, C = 2. So AC — B%2 <0, and
(—3,0) is a saddle.

For (z,y) = (5,0), we have A =0, B =8, C = 2. So AC — B? < 0, and
(5,0) is again a saddle.
[4 marks]
[2+ 2+ 4 = 8 marks]

9. For

we have

of —2x 8_f _ 2y
Oz (a2—y2)?" Oy (22 —y?)*



So

1 of 4 Of 2
2,1)=-, —(2,1)=—-, —(2,1)=—.
fe1) =3 FED=—g Fen=;
So the linear approximation is
1 4 2
S C@-2)+(y-1
S-s@-D+s-1)

[It would be acceptable to realise that
f@y)=B+4@-2)+@-2"-20-Dy -1

:%(1+§(m—1)—§(y—1)+%(m_2)2_%(y_1)2)

and to expand out.]
[4 marks]

10. The domain of integration is the triangle as shown

Y

1,1
This integral can be written as / / dydx or / / dzdy. So we have
y

/ / ey/zdxdy—/ / eV *dzdy
:/ [a:ey/””] o dm:/ z(e — 1)dz
0 y=0 0

- [(6_1)§];:e;1.

[6 marks]



Section B

11. (i) The Taylor series of f at 0 is

o

L—y+y>- =) ()™

n=0

[3 marks]
Putting y = x2, the Taylor series of g at 0 is

o

Z(_l)nx2n‘
n=0
[2 marks]
Integrating, the Taylor series of h(x) = tan=!(z) at 0 is
i (_1)n :L,2n+1
2n+1 '
n=0
[2 marks]

(ii) We have
Fr () = ()" + DL +y) "

Now

(n+1)
Rn(y,()) = f(nTl()c!)ynH — (_1)n+1(1 + C)fnf2yn+1

for some ¢ between 0 and y. Since ¢ >0, |[(1 +¢)™"72| < 1. So

|Rn(y,0) < [(=1)"FlymHh] < gyt

[3 marks]
So . .
[ Rae 00l < [ 1R 01t
0 0
z 2n+3
< 242 gy _ L )
- /0 t dt 2n+3
[2 marks]
(iii)
h(1) = tan~'(1) = g
1 1 1 1 1 1 1 1 1 1
O A i A Rl TR T A A LA T T

_2+2+2+2+2+1
3 35 99 195 323 21

= 0.808078952.....



Meanwhile

% = 0.785398163...

So the difference is < 0.0247. This is < 1/23 = 0.0434.. as required.
[3 marks]
34+2+2+43+2+43 =15 marks.

12. For the complementary solution in both cases, if we try y = €™ we need
r?—4r—5=(r=5)(r+1)=0,

that is, 7 = 5 or —1. So the complementary solution is Ae?* + Be™?.

[3 marks]

(i) We try y, = Ce®. Then y, = Ce® = y,. Soy, — 4y, — 5y, = —8C. So
C = —1 So the general solution is

1
y = Ae’® + Be™® — 56‘”.

[2 marks]
This gives

1
y' =5Ae’" — Be ® — Ee””.

So putting z = 0, the boundary conditions give

1 1 3 1 4
A+B—-—-=1, 5A-B—-=-1 A=1 B=-— = - = —.
So the solution is 1 4

y_gefm_i_gefw__ew

[3 marks]
(ii) We try y, = Cz® 4+ Dz + E. Then y)(z) = 2Cz + D and y,) = 2C. So

Yy — 4y, — 5y, = (2C — 4D — 5E) + 2(—8C — 5D) — 5Cz” = =5z + 2z + 5.
Comparing coefficients, we obtain
—5C =-5, =8C -5D =2, 2C —4D —5E =5.

So
C=1, D=-2, 10-5E=5=>FE=1

So the general solution is
Ae®® + Be™® + 2% — 2z + 1.
[4 marks] This gives

y'(z) = 54€°® — Be™™ + 2z — 2.



So putting = 0, the boundary conditions give

1 1
A+B+1=1, 5A-B-2=-134=-B, 6A=1=4= B=—.
So 1
y=665z —e 4?22 +1.
[3 marks]

[3+2+3+4+ 3 =15 marks]

13a)
We have
Vi=W+1)i+2aj
Vg = 6zi + 2yj.
[2 marks]

At a stationary point of f we have
y+1l=2z=0= (x,y) = (0,-1).

This is in the set where g(z,y) < 3. (The point is easily seen to be a saddle and
so cannot be a maximum of minimum of f on the set where g < 3, but we shall
not use this.)
[2 marks]

At a stationary point of f on g = 3, we have Vf = AVg, that is,

y+1=6z), z=2y\=>y(y+1)—32>=0.
On g = 3, we have 322 = 3 — y2, so
2y +y—-3=2y+3)(y—1)=0.

Soy=1lory= —%. So the stationary points of f restricted to g = 3 are

(£1/2/3,1), (:l:%,—§).

2

[6 marks]
Now we check the values of f at all these points. We have

f(0,-1) =0, f(\/%v 1) = 2\/2%7 f(_\/%7 1) = _2\/2%:

1 3 1 1 3 1
f (5"5) =v (‘5"5) e

So the minimum value is —24/2/3 achieved as (—/2/3,1) and the maximum

value is 24/2/3, achieved at (1/2/3,1).



[5 marks]
[2+ 2+ 6 + 5 =15 marks.]

14a).The region R is as shown.

Y

The weight W is

1 p2z 1 X 231t
a:dydw:/ zdx = [—] =
o fo = 0o = 5] =5

[6 marks]
14b) Then
1 1 2z
EZW/O ; z2dydx
1 471
3
— 3 — - Y
—S/O:Uda:—3[4]0 1
[5 marks]
1 1 2z
y:W / zydydzx
0 T
1 212z 1
=3/0 m[%]z d.r:g/o z2dx
_9[et) 9
2[4, §
So -
(may):<2ag)



[5 marks]
[3 x 5 = 15 marks.]

10



