MATH102 Solutions May 2004
Section A

1. The Taylor series of f(z) =2 ! =1+ (z —1))"!is

o0

l-(@-D+(@-1)7%-=> (-)"=z-1)"

n=0

This can also be worked out by computing all derivatives of f at x = 1.
[3 marks]
a) When z = 2 the series is not convergent and so it does not make sense to say
that it is equal to f(2).
[1 mark]
b) When z = 1.5 the series is convergent and equal to f(1.5) = 3.
[1 mark]
No explanation is required in a) or b).
5=3+1+1 marks
2. Solving both by the Integrating factor method, we write the equations as:

dy 'y
052"
y y_ 1
()dz’ z

z
Then the integrating factor is

exp (/ %dx) =exp(—Inz) = exp(In(1/z)) = %

Then multiplying by the integral factor we have:

(i)

1dy 1

vdr 22?0
4 (1) _
de \z?) ="
g—C=>y=09v,
T

3 marks for (i) 4 marks for (ii). Other methods are possible: separation of
variables for (i) and complementary and particular solutions for linear o.d.e.’s
with constant coefficients



[7 marks]
3. Try y = e"x. Then

P +3r—-4=0=>(r-1)(r+4)=0=>r=—4orr=1
So the general solution is
y = Ae®” + Be™*®.

[2 marks]
So y' = Ae® — 4Be ** and the initial conditions y(0) = 1, y'(0) = 2 give

-1
A+B=1, A—4B=2-5B= -1, A:1—B:,B:?,A:g.
So 6 )
Y= gew _ ge—4w
[3 marks]
2 4+ 3 = 5 marks
4. We have
. gy .0
w_}BI,E:o z2 +y2 ilg%) z2 0,
[2 marks] and
z2 1
z—0,2=y T* + y2 z—0 232 2
[2 marks]
2 + 2 = 4 marks
5.
(9_f 2z B_f 2z
0r  x2+4y2 Oy 22 +9y?’
[2 marks]
o’f 2 42 2y —2?)
9> 24y’ (2+y°)2 (22 +y2)2
Ff 4y
oyox (@ + )
’f 4dyx
xdy (22 +y2)?’
o%f 2 4y? _2(z? —y?)

5y2 = 2 +y2 - (x2 +y2)2 - (:L.Z +y2)2’
which gives
O PPt ra )
Ox2? 3:1}2 - (m2+y2)2 -




[4 marks]

[2 + 4 = 6 marks]
6
of of 5
-2 —_9 YJ_
6$ :L., 8:[/ 3y 7
or oz Oy _ . Oy _
6u_1’ 80_’8u_1’ v 1,
OF Oof Of ) , , \
u 5$+3y T+ 3y (u+v)+3(u—v) 3u® 4 3v° — 6uv + 2u + 2v,
oF = of _of = 2 _ 2 _ 2 2
v Ox @y—2$ 3y = 2(u+v) —3(u—v)* = —3u” - 3v” +6uv+2u+2v.
[5 marks]
7. Write
flx,y,2) = 32" = 2zyz + 2%y — 2.
Then

Vi(z,y,2) = (6x—2y2)i+(—2x2+2%)j+(—2xy+2y2)k = 4i—j at (z,y,2) = (1,1,1).

[3 marks] So a normal to the surface at the point (1,1, 1) is given by 4i — j and
the tangent plane at this point is given by

dz-1)—(y—-1) =4z -y—-3=0.

[2 marks]
[3 4+ 2 = 5 marks.]
8.
of of 2
Y ey +20, L= :
3 6y + 2z, By 6y~ + 6
[2 marks]

So at a stationary point,

6y+2z =0 = 6y*+6x = = -3y, 6y°—18y =0=(y =0,z =0) or (y =3, z = —9.

[2 marks]

0% f o’ f o f
=Gz = b B, =6C0=55 =12

For (x,y) = (0,0) we have C = 0, and AC — B? = —-36 < 0. So (0,0) is a
saddle point.

For (z,y) = (—9,3) we have C = 36 and AC — B? = 72— 36 > 0. Since also
A >0, (-9,3) is a minimum.
[4 marks]
2+ 244 =8 marks

A



9. We have

g 2z g _ —2y
or (22 +92)2" dy (a2 +y2)?’
So 1 of 1 of 1
f(171)=§7 %(171):_57 6_]/(171):_5-

So the linear approximation is

— -1 -5 D).

N | =

[It would be acceptable to realise that

fley)=2+2@-D+2y -+ @@-1)°+@F-1)*)"

1 1 1
=50+@-D+@y-D+5@-1)+5u-1")"
and to expand out.]
[4 marks]
10.
11
//(w—y)dwdyz/ / (z — y)dzdy
T 0 Jy
' [a? ' Ly 2
= -5 Yz dy:/ (————y+y)dy
Jo v = G
1 2 2 371
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“J o) w=[3- 55 =
[6 marks]

Section B

11. For f(y) = (1 +y)~'/2, we have
15

f’(y)=—%(1+y)‘3/2, f”(y)=2(1+y)‘5/2, fO) = -5 (1 +y) 77
At y = 0 we have
! __1 " §
f(0)=1, fY(0)= 37 f (0)—4-
So ;
_q1_ 1t 9 9
Py)=1-gy+3y
and s
Ro(y) = — g1+ "

for some ¢ between 0 and y.



[6 marks]
If y = 22 then y > 0 and if ¢ is betwen 0 and y we have (¢ > 0 and

0<(1+¢)%%<1

So
5
|£(2%) = Po(a%)] = |Ra ()] < 750,
[2 marks]
Now
1/2 1/2 1 3
Py(x?)dx = / (1 —-z? + —x4) dx
0 0 2 8
£ 3 0 1 1 3
=|lx——+— =-——+ —— =0.481510419...
[m 6 40" ]0 2748 " 1280
[3 marks]
on my calculator
1
In(5 + ?) = 0.481211825..
[1 mark]
Now
1/2
Iz + V1T 22) = 1+a(l+2?)'/? (1+x2)_1/2\/1+x2+x
d 4+ V1422 z+v1+2?
— (1 +$2)_1/2.
So
1/2 1/2 1 5
/2 _ 2 —1In(= + Y2y _
/0 (1+ 2" 2ds = [ 1+m)]0 —ln(2+ 2) Inl.
Since Ry(x?) is small for |z| < 7 (in fact < 2%) we expect the difference of

the integrals of (1 + 22)71/2 and P»(2?) between limits 0 and } to be small (in

fact,
.
~—Jo 16 14336
[3 marks]

6+24+3+14+3 =15 marks
12. For the complementary solution in both cases, if we try y = €¢"* we need

r2—4=0,

that is, r = £2. So the complementary solution is Ae?? + Be~2%. [3 marks]

(i) We try a particular solution y, = Cz + D. Then y,(z) = C and y;) = 0. So
yl — 4y, = —4Cx — 4D. Equating coefficients we get C = —% and D = 0. So
the general solution is

1
y = Ae®® + Be % — i



[3 marks]
This gives

y' =2Ae’* — 2Be™® —

=] =

So putting = 0 the boundary conditions give

A+B=1, 24-2B-1=-1 = B=1-4 44=".

So 5 1
A=—, B=—
16’ 16
and the solution is 5 1
-~ 2 o2z _
16° T 16° r

[3 marks]
(ii) We try y, = C'sinz+ D cosz. Then y;) = —C'sinz — D cosz. So y, —4y, =
—5Csinx — 5D cosz. So D =0 and C' = —%. So the general solution is

1
y = Ae*® + Be™?® — = sin z

[3 marks]
This gives

1
y' =2Ae** — 2Be™?% — = oSz

So putting = 0 the boundary conditions give

A+B=1, 2A—2B—é:_1 =~ B=1-4, 4A:g.
So 3 7
A=—, B=—
10 10
and the solution is 3 .
10€2w+ﬁ 72w—gsinx.

[3 marks]

5 x 3 = 15 marks

13. We want to minimise f(z,y) = 2% + y? (the square of the distance of (z,v)
from (0,0)) subject to a constraint in each case a), b). [1 mark]

a)

Vf =2xi+ 2yj
Vg = 2xi — 4yj.

At a constrained minimum we must have

T=Az, y=-—2\y.



[3 marks]

Sold=1lorz=0,

If A =1 then y = 0 and the equation g(z,y) = 1 gives £ = £1. We have
f(£1,0) = 1.

If z = 0 then g(x,y) = 1 gives —2y?> = 1, which is impossible. So the
minimum distance is 1.
[3 marks]
b)

Vh = 4yi + (4 — 6y)j.
At a constrained minimum we must have
z=2\y, y=A(2z—3y).

[2 marks]
Multiplying the first equation by y and the second by x and subtracting we
have
A2y? — 222 + 3zy = (2y — z)(y + 22)) = 0.

So x = 2y or y = —2x, because A = 0 gives £ = y = 0 which is incompatible
with h(z,y) = 1.
[3 marks]

Substituting the first into h(z,y) = 1 we obtain
5y =1

Soy = +1/+/5 and z = +2/v/5. Then f(z,y) = 1. Substituting y = —2x gives
—82z2 — 1222 = 1, which has no solutions. So the minimum distance is 1.
[3 marks]

1+3+3+2+3+ 3 =15 marks.
14. The line x + 2y = 1 meets the y-axis z = 0 at y = % and the z-axis y = 0
at = 1. So the area of the triangle is given by

1/2 -2y 1/2
A= / / dxdy = / (1 -2y)dy
0 0 0

12 1
= [y—y2]0 =y

[6 marks]
Then the centre of mass is (Z,y) where

1-2y

1 2 -z 1/2 1,2
T=— rdxdy = 4/ [—] dy
il . 12,

12 rq 2y37%/?
—4 S oy )dy=4|Y -2+ 2
[ (Gt a=alg-r 5]
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1/2 p1—2y 1/2
§=4/ / ydzdy =4/ y(1 —2y)dy
0 0 0

2 371/2
PR AR Y/ Y S S N
2 31, 8 12 6

So the centre of mass is 11
(3:3):

[5 marks]

[6 marks]
[6+4 5+ 5 = 15 marks]



