An n’th order ordinary differential equation is an equation of the form
F(z,y(z),y'(2),---y™ (2)) =0,

for a function F'. Here are some examples
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Z-y=0, &)
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(1) is a second order equation and (2) and (3) are first order. (1) and (3) can be
related to simple mechanics problems, and (2) to a simple model of population
growth. (1) and (2) are linear diferential equations but (3) is not. An n’th order
differential equation is linear if it can be written in the form
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TV b @)L+ agfaly = b(a).

an(2) dx

The equation is homogeneous if b(x) = 0 for all x and with constant coefficients
if the a;(x) are all constant functions. The equations (1) and (2) are linear with
constant coefficients. (2) is homogeneous but (1) is not. The main questions
about differential equations are:

. are there solutions?
. if so how many solutions are there?
. how can we find the solutions?

The answer to the first question is usually “yes” or at least there are usually
local solutions y(z) defined for some interval of z. If a differential equation has
any solutions at all it probably has infinitely many. Very roughly, we expect
a first order differential equation to have one variable constant in the solution,
and we expect an n’th order differential equation to have n variable constant in
the solution.

As for finding the solutions: there are a number of different methods. We
shall study:

1. first order differential equations which are separable, that is, can be written
in the form

f(y)j—z = g(z);

2. first order differential equations of the form

Y = hiy/o);



3. linear first order differential equations, and solution by the integrating factor

method;
4. the solution of linear second order differential equations with constant coef-
ficients.
1. If p
Yy _
Fy) 5, = 9(@)
then

[ 1wy = [ g(a)as,

and integrating both sides gives and equation relating x and y, and gives y as a
function of x in some cases.

2. If p
Y
= _h
Y = hiy/2)
then we make the substitution y = zv. Then
dy  dv _
=% +v = h(v).
So p
xé = h(v) — v.
So

/ dv / dx
h(v)—v | =z
and integrating both sides gives an equation relating z and v, which is also an

equation relating y and z since v = y/x, and this gives y as a function of z in
some cases.

3. If p
a1 (ar)% + ao(z)y = b(z)
then p
7+ P@)y = Q@) (4)
where

The integrating factor is then

F() = exp ( / ’ P(t)dt) .

a _
dz

Then
P(z)f(2).



Multiplying (4) by f(z) gives

F@) L+ F@) Py = f@)Q),

that is . i
@3+ 2y = 1@)Q(),

that is, .

7 f(@)y) = f(2)Q(2),
that is .

@)y = / FOQ@)dt.

4. Linear Homogeneous Case.

To solve

azy" + a1y’ + apy =0, (5)

we try a solution y = e"®. Then y' = re"® and y"” = r?e"®. So to solve (5), we
need
asr? + ayr + ag = 0. (6)

If r = 71 is a solution of (6) then y = Ae™? is a solution of (5) for any real (or
complex) number A. If r = r; and r = r, are both solutions of (6) then

y = Ae™" + Be™"

is a solution of (5) for any A and B. If 7y # ry then this is the general solution.
If r = 71 is a repeated solution of (6) then

y = (Az + B)e™®

is a solution of (5) for any A and B, and this is the general solution of (5).
If r = a +if is a complex solution of (6) with a, 3 real and § # 0 then
r = a — i is another solution of (6). Then

y = Ae(a-i-iﬁ)z + Be(afiﬁ)z — eaz(Aeiﬁz + Beiiﬁz)
is a solution of (5) for any complex A and B. So then
y = e**(C cos(Bz) + D sin(Bx))

is a solution of (5) for any real (or complex) numbers C' and D, and this is the
general solution.

Linear Inhomogeneous case



To solve
axy" + ary' + aoy = f(x), (7)

note that if y = y,, is a solution of (7) and y = y, is the general solution of (5)
then y =y, + y. is a solution of (7) because

az(y, +y.) +a1(y, +ye) +ao(yp +yc)
= agy, + a1y, + aoyp + a2y, + ary, + aey.

= f(z) + 0= f(z).

In fact y, + y. is the general solution of (7), because if y = y, and y = z, are
both solutions of (7) then y = y, — #, is a solution of (5).

The general solution y = y. of (5) is called the complementary solution for
(7). Any solution y = y, of (7) is called a particular solution of (7). So to
find the general solution of equations of the form (7) we need to develop our
technique for finding particular solutions. Fzample To find the general solution
of

yll +yl _ 2y — e2w

we need to find the complementary solution and a particular solution. To find
the complementary solution we look for solutions of

rPPtr—2=(r+2)(r-1)=0=>r=1orr=-2.
So the complementary solution is
Ae® + Be™%®.
To find a particular solution we try y,(z) = Ce?*. If we take this then
yn(z) =2Ce™, yi(z) = 4Ce™,

Yo+, — 2y, = (4C 4 2C — 20)e*® = 4Ce™.

So Ce?? is a particular solution if and only if

So the general solution is



